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Abstract
We presentan algorithm for comparing3D shapesby consideringtheir pockets in the complementaryspace.
Thepocketsof a closedcompactsurfacecanbe representedby a 3D volumetricfunction.Multi-resolutiondual
contourtreesareconstructedfromthepocket functionsto ef�ciently match themin anaf�ne-invariantway. DCTs
aresimpli�ed datastructurescomputedfromcontourtrees(CT)of 3D functions.TheDCTscapture theimportant
featuresof thevolumetricfunctionsandarenotsensitiveto noises.Each nodeof a DCTcorrespondsto aninterval
volumeand is tagged with geometrical,topological, and functional attributes.Similarities amongshapesare
comparedby matching nodesfrommulti-resolutionDCTsandcalculatingthescore basedon theattributesof the
matchednodes.Thismethodis particularly usefulfor comparingcomplicatedmolecularshapes,for which other
propertiessuch aselectrostaticpotentialscanbeaddedasadditionalattributesto improveperformance.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.5.3 [ComputingMethodologies]:PatternRecogni-
tion 	USimilarity Measures;J.3[ComputerApplications]:Life And MedicalSciences;

Keywords: shapematching,pocket function,dualcontourtree,af�ne-invariant,multi-resolution

1. Intr oduction

3D shapematchingis an importantproblemin the graph-
ics andotherareas.For example,a proteinstructuremaybe
representedby theshapeof its molecularsurface.Effective
comparisonand classi�cation of thesehighly complicated
3D molecularshapesarevery importantfor theunderstand-
ing of their structuralandfunctionalproperties.The struc-
turesof proteinsand other large moleculesare being de-
terminedat dramaticallyincreasingrate throughstructural
genomicandotherefforts [BWF� 00]. Becauseof the high
complexity of molecularshapes,theircomparisonposesnew
challenges.

In this paperwe introducea new algorithmfor compar-
ing 3D shapesby consideringtheir pockets in the comple-
mentaryspace.Insteadof establishingcorrespondencebe-
tweenthe original shapes,which can be very dif�cult for
complex shapeslikemolecularsurfaces,we try to matchthe
surfacepocketsandcomputethesimilarities.Pocketsarethe
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Figure1: Examplesurfacesandtheir pocketenvelopes

main featureson surfacesandalsooften referredto as"de-
pressions"or "holes".Pocketsareof particularimportance
to proteinsandothermacromoleculesbecausebiochemical
reactionsoftentake placein theprotectedyet accessiblere-
gionsof pockets.Thereforeshapematchingusingpockets
maygivecluesto understandtheproteinstructuresandfunc-
tions.
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The key idea of our approachis to representthe sur-
facepockets as a volumetric shapefunction and construct
a rotation-invariantdatastructurecalleddual contourtrees
(DCT) to ef�ciently comparethepocket functions.

We apply a level set marchingmethodto computethe
pocket functions[ZB06], while othermethodsmay alsobe
justi�ed. A propagationfront marchesout from originalsur-
faceSat a constantspeedto a �nal shell surfaceT. During
the marchingthe topology of the front would changeand
thepropagation is irreversible.T is chosento bea front far
enoughawaysuchthatit hasthesimpletopologyasasphere
andits topologywould not bechangedby furtherpropaga-
tion. The surfacepocketscanbe extractedthrougha back-
wardpropagationfrom T towardstheoriginalsurfaceS. The
backwardmarchingfront F is notallowedto penetrateSand
stopswhenit reachesS. Pocketsarede�ned asthe regions
boundedbetween�nal backward marchingfront F andthe
original surfaceS. Ratherthanrepresentingthe pocketsas
a set of surfaceenvelopes,one can computea volumetric
pocket function.AssumedS(x) is thesigneddistancefunc-
tion (SDF)of theoriginal surfaceSanddT (x) is thatof the
shell surfaceT describedabove, wheredS(x) is positive if
x is outsideSbut dT (x) is positive for x insideT. Thenthe
pocket function fP(x) is de�ned as

fP(x) = min(dS(x);dT (x) � t); (1)

wheret is the marchingdistancefrom S to T. The pocket
function fP(x) > 0 only for pointsoutsideSandnot reach-
ableby backwardpropagationfrom T, i.e.pointsin pockets.
The boundingenvelopesof pockets are then computedas
the level setf P(x) = e, wheree > 0 is a small constantfor
numericalstability. Figure2 (a) shows a 2D color-mapped
pocket functionandcorrespondingpocketsandin Figure2
(b) we superimposethe pockets (yellow curves) onto the
original surface(white curves) [ZB06], which comefrom
a sliceof themolecularsurfaceof the"Bacteriochlorophyll
ContainingProtein".Theresultmatchesvery well with our
intuition aboutpocketsandholes.

(a) (b)

Figure 2: A 2D exampleof pocket function and extracted
pockets: (a) the pocket function is displayedas a color-
mappedimage; (b) thecolor-mapshowstheSDFof theorig-
inal surface(whitecurves).

A standardmethodfor comparingvolumetricfunctionsis

to computetheir inner product.The L2 norm is commonly
usedto computethe inner productof two functions f and
g. Similarity metricsare then de�ned basedon the de�ni-
tion of norms.ThemostpopularmetricsareHodgkinindex
SH ( f ;g) = hf ;gi

k f k2+ kgk2 andCarboindex SC( f ;g) = hf ;gi
k f k�kgk .

The inner product method is clearly not rotational-
invariant.3D volumetric functions f andg canbe aligned
relative to eachotherwith six-dimensionalfreedomof ro-
tationsandtranslations.The inner producthf ;gi shouldbe
computedfor the bestalignment.However, it is not trivial
to geometricallyalign large molecules[BW03]. The align-
mentsareoftendonemanually, otherwiseonehasto search
the six-dimensionrotationalandtranslationalspaceto �nd
the best alignment.Such searchis expensive and usually
doesnotguaranteeto �nd thebestalignment.

In this paper, we constructan af�ne-invariant structure,
calleddualcontourtree(DCT), to representthepocket func-
tion. DCTs are simpli�ed data structurescomputedfrom
contourtrees(CT) [KOB� 97] of 3D functions.The DCTs
capturethe important featuresof the volumetric functions
and are not sensitive to noises.Eachnodeof a DCT cor-
respondsto aninterval volumeandis taggedwith geometri-
cal,topological,andfunctionalattributes.onecanef�ciently
compare3D shapesby matchingmulti-resolutionhierar-
chiesof DCTs.Themajorstepsof thecomplementaryshape
comparisonalgorithmare:

1. Computeapocket functionto representthemainfeatures
of 3D shapes[ZB06].

2. Computea contourtree(CT) for the volumetricpocket
function[CSA03].

3. Constructthe �nest-level dual contourtree(DCT) from
theCT in thepreviousstep.

4. Computethegeometrical,topological,andfunctionalat-
tributesfor thenodesin theDCT.

5. Build a multi-resolutionhierarchy of the attributeddual
contourtree(MACT) by merging adjacentfunctionalin-
tervals.

6. Matchtwo MACTsandcomputetheir similarity score.

Theremainderof thepaperis organizedasfollows. Sec-
tion 2 givesan overview of existing shapematchingalgo-
rithmsandintroducessomerelevantbackground.Section3
describesthe methodsof constructingthe DCT, computing
its nodal attributes,and building the multi-resolutionhier-
archy. Section4 presentsthe stepsto match two MACTs
and compute the similarity scores.Section 5 then dis-
cussestheimplementationandsomeempiricalresultsof our
method.Weconcludein section6.

2. RelatedWork and Background

Shapematchingis traditionally doneby �nding correspon-
dencesbetweenthecomparedshapes.As discussedearlier,
spatial alignmentcan be very expensive. A commonap-
proachis to segmentthe shapesinto basicpartsandmatch

c TheEurographicsAssociation2006.



XiaoyuZhang/ ComplementaryShapeComparisonwith AdditionalProperties

thosepartsandtheirspatialrelationships[DGG03,BCGJ98,
BMP02, BM92, KPNK03]. This schememay be appliedto
matchcomplementaryspacefeatureslike pockets and use
thespatialrelationshipsof matchedpocketsto aligntheorig-
inal shapes.

Anotherapproachis to computesome�x ed lengthvec-
tors as the shapedescriptors or signatures for 3D shapes
andcomputethesimilarity metricsof shapesusingthedis-
tance betweenthe shapedescriptors.Various descriptors
have beenusedfor shapematching,suchascurvaturedis-
tributions [ACH� 91, SKG97], shapedistributions and his-
tograms[OFCD01, ATRB95, KFR04], and coef�cients of
functionalexpansions[ASBH90, KFR03] etc.The descrip-
tors can be pre-computedand are almostalways rotation-
invariant. The shapedescriptorshave beenapplied to re-
trieve similar shapesfrom a 3D shapedatabase[FKMS05].
As far as we know, no descriptorhasbeendevelopedfor
complementaryspacefeatureslike pockets,andthe shaper
descriptorhave not yet beenappliedto complex 3D shapes
likemolecularsurfaces.

If we representthe shapewith a continuousvolumetric
function f , e.g.thepocket function,de�ned ona3D domain
M , f : M ! R. The original surfaceS is often a special
level setof f . The functionalrange of f is the interval be-
tweentheminimumandmaximumvaluesof f : [ fmin; fmax].
Signaturescanbecomputedfor volumetricshapefunctions
as well. One example is the contour spectrum[BPS97],
which is asetof histogramsfor thelevel setsof thefunction,
suchas their areasand the volumesenclosedby the level
sets.Although the contourspectrumis certainly rotation-
invariant, it has limited successin comparingvolumetric
shapefunctions.

While aisovaluew scansmonotonicallythroughthefunc-
tional range[ fmin; fmax] of f , the evolution of the homol-
ogy classesof the level set L(w) is studiedin Morse the-
ory [Mil63]. Thecritical pointsof f arethepositionswhere
thegradientvanishes,i.e. Ñ f = 0, andthey areassumedto
be non-degeneratein Morse theory. The topologyof L(w)
changesonly at thecritical pointsof f , andthecorrespond-
ing functionalvaluesarecalledcritical values.

Another approachof comparing the volumetric shape
functionsis to usesomeaf�ne-invariant topologicalstruc-
tures,suchasMorsecomplexes[EHNP03] andcontourtrees
(CT) [KOB� 97]. Similar surfacetopologicalstructuressuch
as Multi-resolution ReebGraphs(MRG) are de�ned and
usedfor shapematching[HSKK01]. BothMorsecomplexes
andcontourtreesarerelatedto thecritical pointsof thevol-
umetricfunction f . A complex shapefunctionusuallyhasa
largenumberof critical points,many of whicharecausedby
small noises.Becauseof thecomplexity of theshapefunc-
tion, it is dif�cult to directly computethe Morse complex
andevenharderto establishcorrespondencesbetweenthem.

A contour tree (CT) [KOB� 97] capturesthe topologi-
cal changesof the level setsfor the entirefunctionalrange

[ fmin; fmax] of f . Eachnodeof theCT correspondsto a crit-
ical point andeacharcconnectingtwo critical pointscorre-
spondsto asetof continuouscontoursof thesametopology.
A cut on a CT arc (v1;v2) at the isovaluew ( f (v1) � w �
f (v2)) correspondsto a connectedcomponent(contour)of
thelevel setL(w). Sothenumberof connectedcomponents
for the level setL(w) is equalto the numberof cutsto the
CT at thevaluew .

Although the CT is af�ne-invariant,it is very dif�cult to
determinecorrespondencesbetweentwo CTsdueto thevast
numberof nodescorrespondingto the critical pointsof f .
An exampleof CT is shown in Figure4 (f).

Carret al. [CSA03] presentanef�cient two-passscheme
to computeaCT in O(m+ nlogn) time,wheremis thenum-
berof simplicesandn is thenumberof verticesin themesh
M . The CT can be enhancedby taggingarcswith topo-
logical informationsuchasthe Betti numbersof the corre-
spondingcontourclasses[PCM02]. In thenext section,we
describethe algorithmof constructingthe DCT andnodal
attributesto comparevolumetricshapefunctions, basedon
enhancedCTscomputedwith thoseCT algorithms.

3. DCT Algorithm

In order to comparevolumetricshapefunctions,we intro-
ducedualcontourtrees(DCTs)asasimpli�ed structurecon-
structedfrom CTs.

3.1. Dual Contour Tree
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Figure 3: A simple2D examplefunction, its contour tree,
anddualcontourtree. (a) Thefunctionvaluesarelabeledon
verticesandvaluesin a simplex are linear interpolationsof
vertex values.(b) TheCTof thefunction.Critical pointsare
colored differently: minima in red, saddlepoints in green,
and maximain blue. Two interval volumeswithin the func-
tional interval [2;5] arehighlightedin yellow. (c) Thethree-
rangeDCTconstructedby thecutsat w1 = 2 andw2 = 5.

We illustratetheideaof constructinga DCT usinga sim-
ple 2D examplein Figure3. Figure3 (a) shows a function f
de�ned on a 2D meshM whoseverticesare labeledwith
functionvaluesandFigure3 (b) showsthecontourtreeof f .
Thecontourtreeis cut at two isovaluesw1 = 2 andw2 = 5,

c TheEurographicsAssociation2006.



XiaoyuZhang/ ComplementaryShapeComparisonwith AdditionalProperties

andthetwocutscorrespondto two level setsshown in Figure
3 (a). The level setL(w2 = 5) hasthreeconnectedcompo-
nents(coloredin magenta)andL(w1 = 2) hasa singlecon-
tour (coloredin green).Therearetwo interval volumesbe-
tweenthecut w1 andw2. An interval volumeis a connected
region of the domainM , in which the function valueof f
lies betweentwo speci�c isovalues.The interval volumes
are highlightedin Figure 3, and clearly they are bounded
by contoursat isovaluesw1 andw2. Eachinterval volume
correspondsto a setof connectedCT arcsegmentsbetween
thecutsatw1 andw2, ashighlightedin Figure3 (b).

Eachinterval volumebecomesa nodein thedualcontour
tree(DCT) andtwo DCT nodesareconnectedby an edge
if the correspondinginterval volumesareadjacent(sharing
thesamecontourat theirboundaries).TheDCT constructed
from theCT andthe two cutsin Figure3 (b) areillustrated
in 3 (c). Thestepsto constructa DCT from a givenCT are
describedbelow:

1. Divide thefunctionalrange[ fmin; fmax] of thefunction f
into N intervals,which cut theCT arcsinto segmentsin
N ranges.Without lossof generality, we canassumethat
CT arcsarenotcutat critical values.

2. For eachrangei (1 � i � N), we usea Union-Finddata
structureto assignall cut CT arc segmentsin the range
into disjoinedsets.Eachsetof connectedarc segments
becomesaDCT nodeat level i.

3. If a DCT noden at level i anda DCT nodem at level
i � 1 containsegmentsfrom a sharedCT arc,their corre-
spondinginterval volumesareadjacent.An edgeis insert
betweenn andm. Clearlyedgesonly exist betweenDCT
nodesin adjacentranges.

The DCT providesa simpler representationof the orig-
inal function thanthe CT by eliminatingsmall undulations
in afunctionalrangewhile preservingpotentially-signi�cant
featureslike high moundsanddeeppockets.Thecomplex-
ity of the DCT can be controlledby selectingthe number
of rangesN. Thestructureof theDCT convergesto theCT
asthenumberof rangesincreasesandthesizeof rangesde-
creases.

We often want to focuson comparingparticularregions
of the volumetric shapefunctions. For instance,we are
only interestedin thepocket regionsof thepocket function
fP(x), i.e. the functionalrangefP(x) > 0. This canbeeas-
ily achieved by restrictingthe total functional rangeof the
DCT to asubrange[ f1; f2] � [ fmin; fmax]. In ouralgorithmof
complementaryshapecomparisonwith pocketfunctions,we
choosetheDCT functionalrangeas[e;max( fP(x))] , where
e � 0 is a constant.The stepsto constructa DCT for a
subrange[ f1; f2] is almostthe same.We simply ignoreCT
arcsegmentsoutsidethesubrange[ f1; f2]. However, notice
that the DCT is no longer necessarilya single tree but a
graphof multiple treesbecausethe 3D volume satisfying
f (x) 2 [ f1; f2] arenotalwaysconnected.

3.2. NodeAttrib utes

In orderto quantitatively measurethesimilaritiesof DCTs,
we de�ne attributes basedon the volumetric shapefunc-
tion andadditionalproperties,e.g.electrostaticpotentialof
molecules.A DCT nodemcorrespondsto aconnectedinter-
val volumeVm � M . We �rst look at somegeometricaland
topologicalattributesrelatedto theshapeof Vm:

� vol(m): Thevolumeof theinterval volumeVm. If compar-
ison is desiredfor shapesof differentscales,normalized
volumemay be usedinstead,by assumingthe total vol-
umeof theshapefunctiondomainis one.MatchedDCT
nodesshouldhavesimilar volumes.

� area(m): Theareaof thesurfacesboundingVm. It maybe
alsonormalizedfor cross-scalecomparisons.

� I (m) = (I1; I2; I3): Theprincipalvaluesof themomentof
inertiafor Vm. Themomentof inertiatensoris de�ned as

Ii j =
Z

Vm

(xi � xc
i )(x j � xc

j )d
3~x =

Z

Vm

xix jd3~x� V(m)xc
i xc

j ;

where~xc =
�
xc

1;xc
2;xc

3

�
is the centerof massfor Vm. The

principal axesof Ii j arecalculatedandthe diagonalval-
uesof I alongtheprincipalaxesarerecordedasa triplet
I (m) = (I1; I2; I3), whereI1 � I2 � I3. I (m) provides in-
formationabouttheoverall shapeof Vm.

� B(m) = f Bl (m);Bu(m)g: TheBetti numberattribute rep-
resentingthetopologiesof thelower andupperbounding
surfacesfor Vm. Bl (m) andBu(m) aretriplets containing
thethreepossiblynon-zeroBetti numbers(b0;b1;b2) for
3D surfaces.If a boundingsurfaceconsistsof multiple
contours,its Betti triplet is thesumof thoseof individual
contours.

Other geometricaland topological attributes may also be
addedto the DCT node.Actually all the shapedescriptors
[ACH� 91, SKG97, OFCD01, ATRB95, KFR04, ASBH90,
KFR03] canbepotentiallytreatedasnodeattributes.Com-
paredto oneshapedescriptorfor a entireshape,the added
level of DCT structureof the volumetric shapefunction
wouldmake thecomparisonmoreaccurate.

Anotheradvantageof our methodis to incorporateaddi-
tionalpropertiesintocomparison.Particularlyfor comparing
molecularshapes,additionalpropertiessuchaselectrostatic
potential,electrondensity, andsolventaccessibilityarevery
important for �nding structurallyand functionally similar
bio-molecules.Not accidentallythosepropertiesin pockets
aremostimportantbecausebiochemicalreactionsoftentake
placein theprotectedyetaccessibleregionsof pockets.

We considerelectrostaticpotentialas an exampleprop-
erty, which is anothervolumetric function de�ned on the
samedomain.Here we calculatethe multi-pole expansion
of thepropertyfunctiondistributedover theinterval volume
Vm. Following descriptorsmaybeaddedto theDCT nodeas
functionalattributes:

� P(m): Theintegralof thepotentialp over theinterval vol-

c TheEurographicsAssociation2006.



XiaoyuZhang/ ComplementaryShapeComparisonwith AdditionalProperties

umeVm, P(m) =
R
Vm

pd3~x is the�rst termof themultipole
expansion.

� ~D(m): The dipole momentof the potential p over Vm is
a vector~D(m) =

R
Vm

p� (~x� ~xc)d~x. We usethemagnitude
of ~D(m) andits anglerelative to the main principle axis
of Vm asnodeattributes.

� Q(m) = (Q1;Q2;Q3): Thequadropolemomentof thepo-
tential p overVm is a tensorde�ned as

Qi j (m) =
Z

Vm

p� (xi � xc
i )

�
x j � xc

j

�
d3~x

=
Z

Vm

p� xix jd3~x� xc
i D j (m) � xc

jDi(m);

where Di(m) is the ith componentof the dipole mo-
ment. We again choosethe principal valuesof Qi j (m),
Q1 � Q2 � Q3, asattributesof aDCT node.

Theattributesof theDCT nodemcanbethensummarized
into avectorm̃asfollowing:

m̃= f vol(m);area(m); I (m);B(m);P(m);D(m);Q(m)g:

3.3. Multi-r esolutionHierar chy

In order to facilitate the comparisonof attributed DCTs,
they can be further organized in a hierarchical multi-
resolutionform. This Multi-resolution Attributed Contour
Tree (MACT) is constructedfrom a �ne DCT by merging
its adjacentfunctionalintervalsrecursively.

Without lossof generality, weassumea �nest DCT D has
N = 2k functionalintervals.TheDCT atthenext coarserres-
olution would have N=2 intervals,eachof which is merged
from two intervals of the �ner DCT. A setS of connected
DCT nodesin the two combinedintervals aremergedinto
a single noden in the coarserDCT. This can be achieved
again by usinga Union-Finddatastructure.The noden is
calledtheparentof nodesin thesetS, whicharethechildren
of n. Themerging processcanberecursively appliedto the
coarserDCTs until thereis only a single interval spanning
theentirefunctionalrangeunderconsideration.If wecall the
�nest DCTDk andthenext coarseroneDk� 1 etc,thenweget
asequenceof increasinglycoarserDCTs(Dk;Dk� 1; :::;D0).
Figure4 (c) and(d) show the DCTs at two different levels
of thehierarchy. Thecomplexity of theDCTsatcoarserlev-
elsis signi�cantly reducedandthehierarchy makesit much
easierto �nd correspondencesbetweenDCT nodesof two
shapefunctions.

As mentionedearlier, a DCT of a restrictedsubrange
[ f1; f2] may be a graphconsistingof multiple treesin the
�nest level. In the coarsestlevel DCT D0, each individ-
ual tree is merged in to a singlenode.Numerousnodesin
thecoarsestDCT D0 maycomplicatethematchingprocess.
However, mostof thosenodesareverysmallin sizeandcan
often be prunedasnoiseif their volumesareundercertain
threshold.Pruninga lower resolutionDCT nodeshall re-
moveall its child nodesfrom �ner DCTsaswell. In Figure4

(d) for thepocket functionof theunbinding"Staphylococcal
Nuclease"(PDBcode1KAA), only four nodesareleft in D0
afterpruning,wheresizethresholdis setas1% of the total
pocket volume.

Theattributesof a nodein thecoarserlevel of thehierar-
chy is evaluatedrecursively from thoseof its children.Most
attributesdiscussedin section3.2areadditive.For example,
if a nodem haschildrenm1; :::;ml in the �ner level DCT,
thevolumeattributevol(m) is just thesumof volumesof its
children:

V(m) =
l

å
i= 1

V(mi):

TheBetti numbersattributesof the�nest DCT canbecom-
putedfrom anaugmentedCT [PCM02]. Considera merged
DCT nodem from its childrenin two intervals of the �ner
DCT. The lower boundingsurfaceof m is the union of the
lowerboundariesof its childrenin thelower interval. There-
fore Bl (m) is the sum of Bl (m)'s of thosechildren, and
Bu(m) canbecomputedsimilarly.

As for the functionalattributesfrom theadditionalprop-
erty functions,the valuesfor the nodem canbe calculated
from thoseof its children as well. For example,P(m) =
å l

i= 1P(mi). Similar but more involved equationsexist for
D(m) andQ(m). Next we describethe matchingalgorithm
basedon themulti-resolutionhierarchy of DCTs.

4. Matching Algorithm

4.1. Similarity Metrics

First we look at the similarity metric betweentwo DCT
nodesif the correspondenceis established.The similarity
hm;ni betweentwo nodesm andn is de�ned basedon their
attributevectorsm̃ andñ asa weightedaverageof thesimi-
larity metricsof individualattributes:

hm;ni = å
i

wi � hai(m)ai(n)i ; (2)

wherehai(m)ai(n)i ) is the similarity metric of the ith at-
tribute in the vector m̃ and ñ and the weights satisfying
0 � wi � 1 andå wi = 1 control the relative importanceof
differentattributesin thecomparison.Thesimilarity metric
of individual attributesis de�ned as follows suchthat the
exactlysameattributesachieve themaximumvalue= 1.

hvol(m);vol(n)i = 1�
jvol(m) � vol(n)j

max(vol(m);vol(n))

hB(m);B(n)i =
1
3

2

å
i= 0

min(bi(m);bi(n))
max(bi(m);bi(n))

hI (m); I (n)i = 1�
maxj= 1;2;3(

�
�I j (m) � I j (n)

�
�)

max(I1(m); I1(n))
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hP(m);P(n)i = 1�
jP(m) � P(n)j

max(jP(m)j ; jP(n)j)

hD(m);D(n)i = 1�
jD(m)j � jD(n)j

max(jD(m)j; jD(n)j)

hQ(m);Q(n)i = 1�
maxj= 1;2;3

�
�Q j (m) � Q j (n)

�
�

max(jQ1(m)j ; jQ1(n)j)

Thesimilarity scoreof functionalattributesmaybenegative,
e.g.hP(m);P(n)i < 0 if P(m) andP(n) have oppositesigns
andsois hQ(m);Q(n)i . This featuregivespenaltyto molec-
ularpocketswith similarshapebut differentfunctionalprop-
erties.Themaximumsimilarity scorebetweentwo nodesis
clearly1,achievedwhenthey haveexactlythesameattribute
vectors.

hm;ni � hm;mi = hn;ni = 1

If thecorrespondencesbetweennodesin two DCTsD andD0

havebeenestablished,thesimilarity scorebetweenD andD0

is computedfrom thescoresof matchednodepairs:

hD;D0i =
å i(vol(mi) + vol(ni)) � hmi ;ni i

å i vol(mi) + vol(ni)
; (3)

wherethe similarity scorehmi ;ni i of a matchednodepair
mi 2 D and ni 2 D0 is weightedby the averageof their
normalizedvolumes.Thereforebiggerweightsaregiven to
largerinterval volumesandthesimilarity scorehD;D0i � 1.

For a multi-resolution hierarchy of dual contour trees
(MACT) M = f Dk;Dk� 1; : : : ;D0g with total k+ 1 levels,Di
at level i is matchedto theDCT D0

i at thesamelevel of the
otherMACT M0. Thecorrespondencesarefoundin a order
from coarserDCTsto �ner DCTsasdescribedin section4.2.
Thesimilarity scorehM;M0i betweenMACTsM andM0 is
evaluatedastheaverageof thescoresof DCTsfrom level 0
to k:

hM;M0i =
1

k+ 1

k

å
i= 0

hDi ;D0
i i : (4)

Thesimilarity scorehM;M0i , clearlysatisfyinghM;M0i � 1,
is the measureof the similarity betweentwo volumetric
shapefunctions,particularlythepocket functionsin this pa-
per.

4.2. Matching Algorithm

The volumetricshapefunctionsarecomparedby matching
their MACTs.Thematchingprocessis performedfrom the
coarsestto the �nest level of the hierarchies,wherewe as-
sumethat the MACTs M andM0 have the samenumberof
levels.Thematchingalgorithmattemptsto �nd themaximal
setof matchedMACT nodepairsbetweentwo MACTs M
andM0. The DCT nodesm 2 M andn 2 M0 of a matched
pairmustsatisfyfollowing conditions:

� Thenodesmandn donotbelongto any otherpairs.
� m andn mustbelongto theDCTsat thesamelevel of the

hierarchies,i.e. m 2 Di � H andn 2 D0
i � H0, whereDi

andD0
i have thesamenumberof functionalintervals.

� mandn mustbelongto thesamefunctionalinterval of Di
andD0

i .
� The parentp(m) of m and p(n) of n arealsoa matched

pair (p(m); p(n)) in thecoarserlevel DCTs.Theonly ex-
ceptionis D0, whosenodeshavenoparents.

We usea greedyalgorithmto �nd the pairsof matched
nodes,startingfrom level 0 of thehierarchies.Thestepsto
matchtheDCT Di � M andD0

i � M0at level i (i = 0; : : : ;k)
areasfollows,

1. Add all nodesof the DCT Di into a priority queueQ,
rankedby their volumes.

2. Remove the nodem with the highestpriority from Q.
Searchfor thebestmatchingnoden from possiblecandi-
datesin theotherDCT D0

i , constrainedby theconditions
mentionedabove.Thebestmatchshouldhavethehighest
scorehm;ni weightedby theiraveragevolumes.

3. If a noden is found,thepair (m;n) is addedto thesetof
matchedpairsat resolutionlevel i andn is alsoremoved
from futureconsideration.

4. Repeatstep2 and3 until thequeueQ is emptyor nomore
candidatesavailablein D0

i .
5. Calculatethe similarity scorehDiD0

i i by usingthe pairs
of matchednodesin level i.

6. Repeatthe steps1 to 5 from level i = 0 to k. Calculate
the�nal scorehM;M0i asthesimilarity measurebetween
two shapes.

Next we look at the time complexity of the complemen-
tary shapecomparisonalgorithm.The time canbe divided
into thatof aoff-line processof constructingthepocketfunc-
tion and its multi-resolutionDCTs and that of an on-line
matchingprocess.

We here focus on the off-line time complexity of con-
structingthe DCT and its hierarchy. In the worst case,the
complexity is O(( logn+ m) � D), wherem is numbersim-
plicesandn is thenumberof verticesin thefunctiondomain
M andD is thenumberof nodesin the�nest DCT. D canbe
controlledby thenumberof functionalintervalsandis usu-
ally muchsmallerthann andm. In our experiments,most
DCT constructiontime is spenton computingvariousnode
attributesof the �nest DCT. The DCTs canthenbe stored
with theshapefunctionsfor futurecomparisons.Pleaserefer
to citedliteraturesfor thetimecomplexity of pocketfunction
andCT generation.

The time complexity of the on-line matchingalgorithm
is O(D1 � D2) in the worst case,whereD1 andD2 are the
numberof nodesin the �nest DCTs. This stepusually is
very fastin ourexperimentsandtakesonly secondsbecause
D1 andD2 aremuchsmallerthanthe original datasize.If
time is critical in shapecomparison,a early terminationap-
proachcanbe adoptedto stopthe matchingprocessafter a
few coarserlevel DCTsarecomparedandthetime limit has
beenreached.
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Figure4: Shapecomparisonof theprotein"StaphylococcalNuclease"in thebinding(PDBcode:1ATT, (e) left) andunbinding
(PDBcode:1KAA,(e) right) state.

5. Implementation and Results

We implemented the complementary shape matching
methodin C++. Thecodeis portableacrossplatforms.The
effectivenessof theDCT matchingalgorithmdependsonthe
selectiona goodshapefunction.Thepocket function in the
complementaryspaceappearsto have thepotentialof being
agoodshapefunction,especiallyfor molecularshapes.

We �rst test our implementationon a subsetof pro-
tein structuresdownloaded from the Protein Data Bank
(PDB). The molecularsurfacesof the proteinsare com-
putedas a level set of a syntheticelectrondensityscalar
function in spaceR3 [Bli82]. Figure4 shows the resultsof
comparingtwo protein shapes."StaphylococcalNuclease"
(PDB code1A2T) is a proteinfor nucleicacidbindingand
binds two ligands "S-(Thioethylhydroxy)Cystine"(CME)
and "Thymidine-3',5'-Diphosphate"(THP). The protein
1A2T andoneof its boundligand(THP) aredrawn in Fig-
ure 4 (a) while the otherligandis on the backside.Due to
the boundligands,the shapeof "StaphylococcalNuclease"
(1A2T),especiallythepocketregions,haschangedfrom that
of its unboundsibling (PDB code1KAA). We computethe
pocket functionof 1A2T and1KAA andcomparethemus-
ing themulti-resolutionDCT algorithmdescribedin thispa-
per. Figure4 (b) usesvolumerenderingto displaythepocket
functionof 1ATT over its molecularsurface.Thecorrespon-
dencesbetweenthepocket regionsof 1ATT and1KAA are
easilyestablishedby usingthemulti-resolutionDCT hierar-
chy, asillustratedin Figure4 (e).Thecomplementaryshape
matchingmakes the evident structuraldifferencesbetween
two proteins,which arenot obviousby looking at theorig-
inal shapesdirectly. The CT of the 1ATT pocket function
is shown in Figure4 (f), which is too complex to be com-

paredto eachother. Two lower-resolutionDCTsof thepro-
tein 1KAA areshown in Figure(c) (four intervals) and(d)
(oneinterval).

We also test robustnessof our algorithmby modulating
the original shapeswith small randomnoises.Suchnoises
may signi�cantly increasethe numberof critical points in
thepocket functions,sometimesby morethantwentytimes.
However, suchnoisesare effectively removed from DCTs
and the modulatedshapesarealmostperfectlymatchedto
originalones.

6. Conclusions

In this paper we presenteda novel algorithm for shape
matchingby using surface pockets in the complementary
spaceasavolumetricshapefunctionandcomputeanaf�ne-
invariant multi-resolution dual contour tree to compare
shapefunctionswith properties.The DCT algorithm seg-
mentsthe 3D shapefunction into smallerfeatureelements,
i.e. the DCT nodes.Thosefeatureelementscombinedwith
geometricalandtopologicalattributesandadditionalprop-
ertiessuchaselectrostaticpotentials,areshown to be very
effective for comparingcomplex structureslike molecular
surfaces.It canalsobeappliedto general3D shapes.

Furtherimprovementsof themethodmayincludeadding
moreshapedescriptorsto theDCT nodes,e.g.theonesde-
scribedin the cited literatures.Another future work is to
build a shapedatabaseof pocket functionsandcorrespond-
ing multi-resolutionattributed dual contourtrees(MACT)
for all known proteinstructuresin PDB,in orderto facilitate
thestudyof proteinstructuresandfunctions.
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