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3.1.13 Suppose (a) is true, and that T(T(α)) = 0. Then T(α) ∈ ker T . But
certainly T(α) ∈ Im(T), and hence by (a), T(α) = 0.

Now suppose (b) is true. Let β ∈ ker T ∩ Im T . Since B ∈ Im T , ∃α
such that β = T(α). Since β ∈ ker T , T(β) = 0, so T(T(α)) = 0. By
(b), T(α) = 0. Therefore β = 0. Since β was an arbitrary element of
ker T ∩ Im T , the claim follows.

3.2.7 There are many examples. Here is one, with the linear transformations
identified with the matrix giving rise to it:

T =

[
0 0
0 1

]
and U =

[
0 1
0 0

]
.

A routine calculation shows that TU = 0 but UT = U.

3.2.9 The equation shows that T is surjective, since for v ∈ V , T(U(v)) = Iv =
v. By Rank-Nullity, T is injective, and so T is bijective and therefore
invertible. Letting S be its inverse, composing both sides of

TU = I

on the left with S yields S(TU) = (ST)U = U on the left, and S on the
right. Therefore U = S.
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