Math 470: Introduction to Abstract Algebra Spring 2025

Worksheet 21

1. Let R = Z x Z. Find all elements x € R which satisfy x* = x.
2. Define Z[Dg] to be the set

Z CaX:Cy € Z
x€Dg

Write 1 for the element 1 - e.
(a) Take x =2 —Ttand y = T+ o1 — 302. Compute x +y and xy using
the natural operations.

(b) The set Z[D¢] forms a ring under the two natural operations; you
may assume this going forwards. Show that Z[Dg] is not commuta-
tive.

(c) Show that Z[Dg] is not an integral domain.

3. Define (Z/37Z)[Dg] to be the set

Z CuX:Cq € Z/37Z

xeDg

Consider it to be a ring in a similar manner as Z[Dg]. Show that Ix €
(Z/3Z)[Dg] for which x # 0, but x> = 0.
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