
Math 364: Intermediate Linear Algebra Spring 2026

Section 2C Selected Solutions

2C.8 Let U = Span(v1 +w, v2 +w, . . . , vm +w). Let u1,u2, . . . ,un be a basis
for Span(v1 + w, v2 + w, . . . , vm + w), so n = dimU. Let W = U +
Span(w) = Span(u1, . . . ,un,w). We have

W = Span(v1 +w, v2 +w, . . . , vm +w,w)

= Span(v1, . . . , vm,w).

The last equality follows since, on the one hand, clearly

vj +w ∈ Span(v1, . . . , vm,w) ∀j,

and so Span(v1 +w, . . . , vm +w,w) ⊆ Span(v1, . . . , vm,w); while on the
other hand,

vj = (vj +w) −w ∀j,
giving the reverse containment.

Now Span(v1, . . . , vm) ⊆ Span(v1, . . . , vm,w) = W, so m ≤ dimW. If
w ∈ Span(u1, . . . ,un), then W = U (details left to reader) and dimW =
n. In this case, n ≥ m > m−1, and we are done. If w /∈ Span(u1, . . . ,un),
then by the Linear Dependence Lemma, u1, . . . ,un,w is linearly depen-
dent; the list also spans W by definition of W, and hence dimW = n+ 1.
Thus m ≤ n+ 1, and so n ≥ m− 1 in this case as well.

2C.9 We apply induction on m to prove the list of polynomials is linearly
independent. The m = 0 case is obvious, since the basis element is a
single nonzero constant. For the inductive case, suppose the claim is true
for Pm−1(F). Let the lead coefficient of pk be ck; by definition of lead
coefficient, ck ̸= 0. Now suppose

a0p0 + a1p1 + · · ·+ ampm = 0

for ai ∈ F. The coefficient of xm on the left side is amcm by our
hypothesis. But on the right, it is zero. Therefore amcm = 0. As cm ̸= 0,
we have a=0. Thus

a0p0 + · · ·+ am−1pm−1 = 0.

But now we can apply our inductive hypothesis to conclude that aj = 0
for all j. Therefore p0, . . . ,pm is linearly independent.

Since the number of polynomials equals the dimension of Pm(F), p0, . . . ,pm
is a basis.

2C.18 Let v1, . . . , vn be a basis for V , and set Vj = Span(vj) for all j. We first
show that V = V1 + V2 + · · ·+ Vn. For let v ∈ V . Since v1, . . . , vn is a
basis for V , ∃a1, . . . ,an ∈ F such that

v = a1v1 + · · ·+ anvn.
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Let wj = ajvj for each j. Observe that wj ∈ Vj, and that v = w1 + · · ·+
wn. Thus V = V1 + · · ·+ Vn as required.

Next we need to show the uniqueness. Let wj be as above, and also sup-
pose u1, . . . ,un satisfy uj ∈ Vj ∀j and v = u1 + · · ·+ un. By definition
of Vj, ∃bj ∈ F such that uj = bjvj for each j, and hence

v = b1v1 + · · ·+ bnvn.

By Prop 2.28, the coefficients bj are unique, and in particular bj = aj

for all j. It follows that bjvj = ajvj, and hence wj = uj for all j. The
uniqueness of the wj follows, and therefore the sum is a direct sum.
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