Name:
Math 346: Practice Exam 3
April 23, 2023
Make sure to show all your work as clearly as possible. This includes justifying your answers if

required. Avoid using the back of the page. There is a note sheet at the end, which you can tear
out. Calculators are not allowed.

1. Short answer questions. You do not have to show your work.
(a) (5 points) Let f(x) =5 — 3e'® + e~ 2% 4 4%, In L?[—m, 7], calculate (cos 3z, f(x)).

(a)

Solution: The inner product of cos 3z with each term of f(x) is zero, except for the
last term, where we get

(cos 3z, 4€3) = (cos 3x, 4(cos 3x + isin 3z))
= 4 (cos 3z, cos 3x)
—4/2=2.

(b) (5 points) Compute [|e?® — 2e%® 4 =312,

Solution: When we expand out

(e — 262 | =3 iz _ go2ia 4 o—3izy
all of the terms yield zero except

(6%, %) 4 4 (2% ¢2%) 4 (e~Biz =iy

Each inner product above is 1, hence the answer is 1 +4 4+ 1 = 6.

(c) (5 points) Compute ||1 — cos 2z + 5sin 3z||2.

()

Solution: This is similar, but recall that || cos2z? = ||sin3z||? = 1, so those terms

get a % The cross terms all have inner product zero. We therefore get

1 1 1 25
P12+ 52 =1+ -+ =
Tty U

= 14.

(d) (5 points) Find the trigonometric Fourier series for the 2w-periodic function given below.



2.

—2m —T ™ 21

-2 1

Solution: There are a few ways to relate this function to the square wave, but the
easiest is to write f(x) =1 — s(z), and so the Fourier series becomes

7_7251n2k—1
2k —1

(5 points) State the Fourier inversion formula.

Solution: It is f(z) = = f(—z), or alternatively

z) = /_ O; f(a)ei da.

(a) (15 points) Let f(z) be the 2w-periodic function given by f(z) = L on [—m, 7]. Compute
™

its exponential Fourier series.

Solution: Moving the 1/7 to the outside of the integral, we have

. 1 [T 4
cp = (e, x/m) = 2 /_Tr ze” T dx.
If £ = 0, the integrand is odd, so the integral is 0. If & # 0, we use integration by

parts. Let u = = and dv = e~"** dx. Then du = dz and v = _1ik —kr vielding

1 1 T 1 [
= —= (—xe‘m + —/ etk dx)
. ik J .

272 ik

_ i <_1ﬂ,eik7r _ .iﬂ'eikﬁ + 1 efikﬂ _ 1 eik7r> )

272 ik ik —i2k2 —i2k2
Since €™ = —1, the above simplifies to
(_1)k+1
mwik
Thus, the Fourier series is
Z k+1
i P
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(b) (15 points) Let g(z) be the 2r-periodic function given by the following graph on [—, 7].
Compute its exponential Fourier series.

Solution: We have g(z) = f(x) — s(z), and so the Fourier series is

k+1 s
iz D™ ke (1 L1 3 1 et
i k 2w 2041
k#0 ——co
It is easier to simplify if we deal with odd and even terms separately. For even terms,
k # 0, we get
1 ikx
——e"7,
imk

For odd terms, setting k = 2¢ + 1, we get

1 e _ LI TCTARY P
im(20+1) mi(20 + 1) '
These cancel, so we only have the even terms.
Thus the Fourier series is ) ) )
= - - ikx
2t kz K
k#£0

even

3. (15 points) Let f(z) = 3cosx — sin 2z + 2 cos 2z. Compute the exponential Fourier series of f.

Solution: We have

3 . .
3cosx —sin2z + 2cos 2z = i(e” +e ) —

1 ; 3 3 1 .
— <1+2Z> ef2zz+§efzm+§€zx+ (1—2Z> 62”:.

This is already an exponential Fourier series, so we’re done.

4. (15 points) Let f(z) = > o0 cxe™™®. Suppose that f is an even function. Find an identity
satisfied by the ¢, and prove your answer.
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Solution: We have f(z) = f(—=z), so
o0 o0
Z Ckezk.'c — Z Cke—zkac.
k=—o00 k=—o00
Replacing k£ with —k in the second summation, we get
o0 o0
Z Ckezk:w _ Z c,ke“”.
k=—o00 k=—00

It follows that ¢ = c_j.

5. (10 points) The function f(z) is given by

f(x):{1 ifosw<2

0 otherwise

Compute its Fourier transform f .

Solution: We have
£ 1 > —iax
flay= oo e p) ax
™ — 00
12,
= — e " dx.
2T 0
When a # 0, we get
2
£ 1 —iax
N ==, .
B 6727204 1
- —2mia
B 1 6722'04
- 27
When o = 0, we get
. 1 /2
= — 1d
1
T
_ 2l .
Note that if we use L’Hopital’s rule to evaluate lin%) 5 Ve get %, so f(a) is contin-
o yrel
uous. (You didn’t have to check this, but it’s an expected conclusion.)
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