Name:

Math 270: Exam 2

November 22, 2016

e Justify your reasoning in complete sentences.

e You may use any result proven in the sections covered up to this point, but you
may not use homework problems.

e No notes or electronic aids are allowed.

Question | Points | Score
1 20
2 15
3 15
4 15
5 15
6 20
Total: 100




1. Short answer questions. You don’t have to justify any of your answers, and there
is no extra credit.

(a) (5 points) True or false: The product of two irrational numbers is irrational.

(a)

Solution: False: /2 - v/2 = 2.

3 .
. Jj+1
b) (5 points) Compute —_
(b) (5 points) p ]Hl 3%
(b)
Solution: This is 2 . § . Z—l = l
2 4 6 2

(c) (5 points) Let the universe U be Z. If
A=7Z%and B={n€Z|-3<n<10},

how many elements are in A°N B?

()

Solution: Four: A°N B ={-3,-2,—1,0}.

(d) (5 points) How many elements are in 2(2(2))?

(d)

Solution: Two: £ (@) = {@} so (X (©)) ={2,{2}}.

2. (15 points) Prove that for n > 2,

nz:k(k+1):n(n_1§(n+1).

k=1

Solution: We use induction. The base case is n = 2. In this case, the sum
22—-1)(2+1 6
( ?))( +1) =3= 2. Thus the base

is 1(1 4+ 1) = 2, while the fraction is

case holds.
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For the inductive step, suppose that

k—1
;MH) (k- 1§(k+ 1)

for some k£ > 3. Then

k k—1
Zi(i+1) = <Zi(i+1)) + k(k+1)
_ k(k—lg)(kJrl) B4

by the inductive hypothesis. The latter equals
k(k—1)(k+1) N 3k(k+1) k(k—1)(k+1)+3k(k+1)

3 3 3
k(k+1)(E—-1+3)
3
_ k(k+1)(k+2)
3 .

But (k+1)(k+1—-1)(k+1+1) = k(k+ 1)(k + 2), and so the inductive
conclusion holds.

By induction, the identity is true.

3. (15 points) Prove that Vn € Z with n > 2, that n is divisible by at least one
prime.

Solution: We use strong induction. If n = 2, then certainly 2 | 2 and 2 is a
prime.

Now suppose that for k& > 2, if 2 < n < k, then n is divisible by a prime.
Consider k£ + 1. If it is prime, then (k+ 1) | (k+ 1), and the claim holds. If
not, k + 1 is composite, so Ja, b € Z* such that ab = k + 1 and neither a nor
b is equal to 1 or £ + 1. In particular, this means that 2 < a < k. By our
inductive hypothesis, there is a prime p for which p | a. But a | (k+ 1) by
definition of divisibility, so by transitivity of divisibility p | (k + 1).

By strong induction, the statement is true.

4. (15 points) Find an explicit formula for the sequence defined by

ap = 3, Qp, = TQp_1 + 3 for n > 1.
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Prove your answer.

Solution: By computing aq, as, ..., one observes that

ap,=7T"-34+7"1.3+...4+7.34+7.3
=3+ 70

n+1
_ar o1
7T—1
7n+1_1
_T,

We prove it by induction. The base case is n = 0. Note that ay = 3, but

70+1_1 6
— ——_=3.
2 2

For the inductive step, suppose a; = % Then

A1 = 7@];; + 3
L1 6

7l -,
2 +2

T2 T 46
-
7I<:+2_1

T2

Here, the first equality is by definition of a;, and the second is by inductive
hypothesis.

By induction, the claim holds.

5. (15 points) Define a sequence ¢, by
=1, =2, ¢,=2c,_1+ 3c,—o for n > 2.

Find an explicit formula for ¢,.

Solution: The characteristic equation is
z? =22 —3=0.

This factors as (r —3)(z+1) =0, so = 3 or x = —1. Thus by our Theorem
on 2nd order linear recurrences,

c,=C-3"+D-(-1)".
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Plugging in n = 0 and n = 1, we get

1=C+D
2=3C—-D.

Adding the two equations, we find 4C' =3 so C' = %. From the first equation,
we have D = %1. Therefore

3 1 _ 3n+1 + (_1)17,

6. (20 points) Given sets A, B, and C, prove that

Ax(BNC)=(AxB)N(AxC).

Solution: Let (z,y) € A x (BN C). By definition of Cartesian product,
xr € Aand y € BN C. This means that © € A, y € B, and y € C. Since
x € Aand y € B, we have (z,y) € Ax B. Similarly, (x,y) € AxC. Therefore
(z,y) € (Ax B)N(AxC). We conclude that Ax (BNC) C (AxB)N(AxC).

Now let (z,y) € (A x B)N (A x C). This means that (z,y) € A x B, and
(z,y) € A x C. The first statement means that z € A and y € B, while the
second means that x € A and y € C. Therefore v € A and y € BN C, so
(x,y) € Ax (BNC). Hence (Ax B)N(AxC)C Ax (BNCQC).
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