Extra Example 2 April 23, 2005
Linear Algebra (Spring 2005, Prof. Aitken)

Suppose our vector space is V = R? and we have two different ordered basis. Suppose that the first ordered
basis is
vy =(3,1), w2 =(1,2)

and the second ordered basis is
vp = (1,1), w5 =(0,1).

What is the change of basis matrix from vy, vy to v],v5? We will calculate this by a clever trick. First, let
By be the change of basis matrix from vy, vs to e1,es. Since v; = 3e; + leg and vy = leg + 2e5 the answer is
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Next, let By be the change of basis matrix from eg, es to v}, vy. By LA21, problem 8, we can first find the
change of basis matrix from v}, v} to ej,es and invert it. Since v = e + eg and v} = eq,
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By LA21, problem 7, the change of basis matrix from vy, vy to v], v} is

s=mm=[ 0] [3]-[ 21

(Check this: is v1 = 3v] — 2047 is va = v] + v47)

This matrix is easy to invert:

Now let us illustrate the formula from Problem 5 of LA21:
Col(v;)(v) =B CO](Ui)(’U)

where (v;), (v), and B are as above. Let us try it out on v = Tvy + 2v2. What is v in terms of the second
basis. Observe
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COI(U;)('U) :B~C01(W)(’U) = |: _9 1 :| . |: 9 :| = |: _192 :| .
So v = 23v] — 120}.
(To check this, we can go back to the standard coordinates:
Ty + 205 = 7(3,1) +2(1,2) = (23,11)

and
23v) — 1204 = 23(1,1) — 12(0,1) = (23, 11).

So the formula works!)



