LA 15 April 12, 2005
Linear Algebra (Spring 2005, Prof. Aitken).

Problems 1-3: Uniqueness of alternating n-linear functionals. Let R be a field (or commutative ring), and let
V = R"™. Suppose that f : V" — R is an alternating n-linear functional. (Review even and odd permutations
from abstract algebra.)

1. (Continued) Let w1, ..., w, be n vectors of V. Suppose u; = a1;w1 + ...+ anjw,. Show that when you
expand f(u1,...,uy,) using linearity, you get n™ terms, but all but n! will be zero. To choose a term of the
expansion which is not automatically zero, you must pick a term a,(j);jw, ;) from each uj = >~ a;jw;, where
o(1),...,0(n) are distinct. So each choice gives a permutation o. Thus,

flug, ... u,) = Z Ao(1)1** Go(nyn (Wo(1)s - s Wo(n))-
ceSy
2. (Continued) Show that

flug,. .. un) = (Z 6(0)a0(1)1~~~a0(n)n)> flwy,. .. w,)

g€Sy,

where ¢(0) = +1 depending on whether o is even or odd.

3. (Uniqueness) Suppose that f is an alternating n-linear functional on V such that f(es,...,e,) = c¢. Show
f((au, ces 1)y ey (G1ny . ann)> =c Z €(0)ag(1)1 " o (nyn-
g€Sy

Problems 4—6: Existence. Let R be a field (or commutative ring), and let V' = R™.
4. Let 0 € S, be a permutation. Show that

f((an, ces 1)y ey (G1py .. a,m)) = Uy(1)1 " Oo(n)n-
defines an n-linear functional on V. (But not alternating).

5. Show that the set of n-linear functional on V forms an R-module. Conclude that the formula of problem 3
defines an n-linear functional on V. In the next several problems we will see why it is alternating. Hint:
modify LA13, number 7.

6. Let 7 € S,, be the transposition (2 cycle) switching ¢ and j. Show that for every odd permutation 7 there
is a unique even permutation « such that = = ar.

7. Let 7 € S, be the transposition (2 cycle) switching 7 and j. Let f be as in problem 3. Show that
f((au, ce ,anl), ceey (aln, ey ann)) =cC Z aa(l)l ------ aa(n)n —C Z aa(,,-(l))l s aa(r(n))n.
acA, a€A,

Conclude that f(u1,...,u,) =0 if u; = u;. Thus f is alternating.

Problems 8-9: Another formula. Let R be a field (or commutative ring), and let V' = R™.

8. Let 0 € S,, be permutation, and let [a;;] be an n by n matrix with entries in R. Show that

Ao(1)1 """ Qg(n)n = Qlog=1(1) """ Ano—1(n)-

9. Let [a;;] be an n by n matrix with entries in R. Show that
Z 6(O')afa(l)l Qo (nyn = Z 6((J'il)alafl(l) ©tQpe—1(n) = Z e(U)ala(l) ©Qpo(n)-
cES, g€Sn o€Sn

10. Prove the following:

Theorem. Let V = R"™ where R is a commutative ring. There is a unique alternating n-linear functional
A : V™ — R that is normalized with Aley, ..., e,) = 1. Furthermore,

A((au, cey Q1) (Q1py e ,ann)> = Z €(0)ag1)1 Ao (nyn = Z €(0)a15(1) * * Uno(n)-

ocES, oES,



