LA 14 April 9, 2005
Linear Algebra (Spring 2005)

Definition. Let V be a vector space or module over R. A trilinear functional is a function f : VxVxV — R
which is linear in each coordinate (explain what this means). If f(u,v,w) = 0 whenever two of u,v,w € V
are equal, then we say that f is alternating.

Problems 1-6: Basic properties of alternating trilinear functionals. Assume that f:V xV xV — R is an
alternating trilinear functional.

1. Give an example of an alternating trilinear functionals in terms of signed volumes in R3. Hint: generalize
parallelogram to three dimensions. (Don’t be too rigorous here).

2. Expand f(u,v + w,v + w). Conclude that f(u,w,v) = —f(u,v,w). Generalize: any time two input
vectors are switched, then f(u,v,w) is multiplied by —1.
3. Now assume that V = Rd Let u = (all, a217a31), v = (alg, agg,agg) and w = (CL13, a23,a33). Show that

f(U7 v, w) = (a11a22a33 + a12a23a31 + 13021032 — Q13022031 — G11023032 — 012021a33)f(€17 €2, 63)

Hint: write u = aj1e1 + ag1e2 + asies et cetera, and expand using linearity.
4. Assume that V = R? where R is commutative. Show that the unique normalized (with f(eq,e2,e3) = 1)
alternating trilinear functional is

f((a11,a21,a31), (@12, a22, asz), (a13,a23,a33)) = Z e(a)ala(l)a2o(2)a30(3)
oc€S3

where o varies over all 6 permutations of 1,2,3, and where ¢(o) is +1 or —1 depending on o.
Definition. Let L : R?® — R? be a linear map. Define the determinant of L to be the oriented volume of

the image of the unit cube. It turns out, but we will not prove, that for any solid C in R3, that the volume
of L(C) is the absolute value of the determinant of L times the original volume of C.

5. Show that if the matrix of L is [¢;;] then the determinant of L is Z €(0)C10(1)C20(2)C30(3) -
og€eSs3
6. Use this formula to calculate volumes of some solids in R3.

Definition. Let V' be a vector space or module over R. An n-linear functional is a function f : V* — R
which is linear in each coordinate: if u; = v; + w; then

flur, oy, oyun) = fur, ooy 0,y upn) + flur, oo wiy .o uy)

and, if u; = cw; with ¢ € R,

Flur, ooty oo ty) = cf (U1, .oy Wey ooy Up).
If f(us,...,u,) =0 whenever u; = u; for i # j, then we say that f is alternating.

Problems 7-9: Basic properties of alternating n-linear functionals. Assume that f : V™ — R is an alternating
n-linear functional. Review permutations from abstract algebra, if necessary.

7. Show that if o is a transposition (2 cycle), then f(ui,...,un) = —f(Ug1), -+ Uon))-

8. Show that if ¢ is an odd permutation, then f(u1,...,un) = —f(Uo(1),. .-, Us(n)). Show that if o is an
even permutation, then f(ui,...,un) = f(Uo(1),. .-, Us(n)). (The group of even permutations is called the
alternating group: alternating functionals are invariant under the alternating group).

9. Now consider the case where V = R™. Suppose that w,...,w, are vectors (often eq,...,e,). Suppose
Uj = a1;wy +. ..+ ap;wy,. Show that when you expand f(uq,...,u,) using linearity, you get n” terms (some
will turn out to be zero). To choose a term of the expansion, pick a term a;);w ;) from each u; =3 a;;w;,
where v(j) € {1,...,n}. Note there are n™ ways of choosing v(1),...,7v(n) and

f(uh s ,Un) = Z f(a’y(l)lw'y(l)a R a'y(n)nw'y(n)> .
8l



