THE CHINESE REMAINDER THEOREM AND THE PHI FUNCTION

MATH 422, CSUSM. SPRING 2009. AITKEN

The goal of this handout is to present a proof of the Chinese Remainder Theorem, and to
describe how to compute the associated inverse map. A version of the Chinese Remainder
Theorem for units is also considered.

Theorem 1 (Chinese Remainder Theorem: two factors). Let m and n be relatively prime

positive integers. Then the map
Loy, — Loy X Lo,

defined by the rule (] — ([2]m, [2],) is a bijection.

Exercise 1. Make a table describing the map for m = 3 and n = 5. Mentally check that it
is indeed a bijection.

Exercise 2. Consider the example of the previous exercise. Mentally check that the units
in the domain correspond to pairs of units in the codomain.

Exercise 3. Show that the assumption that m and n are relatively prime is necessary. Hint:
give a counter-example for the case where this assumption is dropped.

The Chinese Remainder Theorem can be generalized to any number of relatively prime
factors. The following gives the case of three factors.

Theorem 2 (Chinese Remainder Theorem: three factors). Let a, b, c be pairwise relatively
prime positive integers. Then the map

Ligpe — Log X Ly X Lig.
defined by the rule [T]ape — ([a:]a, [x]s, [.T]c) is a bijection.
1. SOME LEMMAS
Recall the following (covered in Math 378).
Lemma 3. Suppose a,b,c € 7 where ged(a,b) = 1. Ifa|c and b| c then ab | c.

Exercise 4. Show that the assumption that ged(a,b) = 1 is necessary. Hint: give a counter-
example for the case where this assumption is dropped.

Lemma 4. Suppose a,b,c € Z where ¢ # 0. If a and ¢ are relatively prime and if b and c
are relatively prime then ab and c are relatively prime.*

Proof. Suppose d = ged(ab, ¢). We wish to show that d = 1. Suppose otherwise. Then d
must have a prime divisor p. Thus p | ab. Hence p | a or p | b. The first case contradicts the
assumption that ged(a,c¢) = 1. The second contradicts ged(b, ¢) = 1. O

Date: February 25, 2009.
IThe assumption that ¢ # 0 is not really necessary since if ¢ = 0 then |a| = |b] = 1 follows from the
hypotheses, so |ab] = 1. Thus ab and ¢ are relatively prime.
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2. WELL-DEFINEDNESS

Before we can prove Theorem 1 we need to check that the map defined in the statement
of the theorem is indeed a well-defined map. In particular, it should not depend on z but
only on [z],. To do so we must check that if [z],, = [y]mn then the proposed definition of
the function yields the same result whether we use x or use y.

We start with a more basic map. Suppose d | m where m is a positive integer. Then
consider Z,, — Z4 defined by the rule [z],, — [2]4.

Lemma 5. Suppose m and d are positive integers. If d | m then the rule [x], — [z]q gives
a well-defined function Z,, — Zq.

Proof. To show it is well-defined we must show that if [x],, = [y|m, then the rule gives the
same result whether we use x or y. In other words, we must show that [z]; = [y]4.

If (], = [y]m then x = ymodm. So m | (x —y). But d | m, so by transitivity of
divisibility, d | (x — y). Thus z = y mod d. So [z]q = [y]a- O

Exercise 5. Show that the rule [z]; — [z]5; does not result in a well-defined map Z; — Zs.

Let m and n be positive integers. Obviously, m | mn and n | mn. So it follows from the
above lemma that the function Z,,, — Z,, X Z, given by the rule [z|,, — ([Z|m, [T]n) is

well-defined.
Similarly, the function Z.y. — Z, X Zy X 7., from Theorem 2 is a well-defined function.

Remark. (For readers with abstract algebra experience). It is easily shown that Z,, X Z, is a
commutative ring. The definition of the function Z,,, — Z,, x Z, implies that this function
is actually a ring homomorphism. Theorem 1 implies that it is a ring isomorphism.

If d | m then the map Z,, — Z, is also a surjective homomorphism, but if d < m it is not
an isomorphism. The rule z — [z],, gives a surjective ring homomorphism Z — Z,, that is
clearly not an isomorphism.

3. PROOF

Proof of Theorem 1. Let f be the function Z,,, — Z,, X Z, described in the statement of
the theorem (which we now know is well-defined).
First we show that f is injective. Suppose f([z]mn) = f([y)mn). In other words,

([x]m, [x}n) = ([y]ma [y]n)

This means [z],, = [y]n and [z], = [y],, so £ = y mod m and * = y mod n. Thus
m | (x —y) and n | (x — y) by definition of congruence. In particular, mn | (z — y) since m
and n are relatively prime (Lemma 3). So z =y mod mn. Thus [|mn = [Y]mn-

The above argument shows that f is an injection. It can be shown to be a surjection
by a simple counting argument. The domain is the ring Z,,, which has mn elements. The
codomain also has mn elements since there are m possible first coordinates and n possible
second coordinates. Since the domain and codomain are both finite with the same number
of elements, any injection is automatically a surjection. 0

Proof of Theorem 2. The map Zy, — Z, X Zy is a bijection by Theorem 1. So the map
[t Ly X L — Lg X Ly X L defined by the rule ([z]w, [y]e) — ([2]a, [2]s, []e) is easily seen
to be a bijection.
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Also by Theorem 1, the map ¢ : Zape — Zap X Z, is a bijection (see also Lemma 4).
Now consider the composition f o g which is the composition of bijections. U

Exercise 6. Check the details of the proof. For example, verify that the map f in the
above proof is actually a bijection. Show that f o ¢ is the same map that is described in the
statement of Theorem 2.

Remark. A simple proof by induction using the ideas of the above proof extends the Chinese
Remainder Theorem to any number of factors.

4. FINDING THE INVERSE MAP

We know that the functions described in Theorem 1 and Theorem 2 are bijections. Thus
they have inverses. What is the inverse map?

Let us concentrate on trying to find the inverse in the case of the map into the triple
Cartesian product: Zg. — Zg X Zy X Z.. The inverse for the double Cartesian product or
the n-fold Cartesian product for n # 3 is similar.

Begin by defining e; to be an integer of the form kbc where k is chosen so that e; = 1
mod a. Such a k exists since ged(be,a) = 1 (see Lemma 4), hence be has an inverse k
modulo a. For example, if a = 7, b = 8 and ¢ = 9 then we look for e; = k72. However,
72 =2 mod 7. Thus we would choose k = 4 since 4 is the inverse of 2 modulo 7. So we
want e; = 288.

Next define ey to be an integer of the form kac where k is chosen so that e; = 1 mod b.
For example, if a = 7, b = 8 and ¢ = 9 then we look for e; = k63. However, 63 = —1
mod 8. Thus we would choose £ = —1 since —1 is the inverse of —1 modulo 8. So we want
€y = —63.

Finally define e3 to be an integer of the form kbc where k is chosen so that e3 =1 mod c.
For example, if a =7, b = 8 and ¢ = 9 then we look for e3 = k56. However, 56 = 2 mod 9.
Thus we could choose k& = —4 since —4 is the inverse of 2 modulo 9. So we want e3 = —224
(but e3 = 280 also works). Observe that, for this example, e; + e3 + e3 = 1 (see the Remark
following the next theorem).

Observe that

[el]abc = ([1](17 [0]b7 [O]C)
[62]abc = ([O]aa [1]177 [O]C)

les]ase — ([0]a, [0]s, [1]c)

This explains why we use the symbols ey, ez, e3. We are inspired by linear algebra where
these symbols are often used to indicate the standard basis.

Theorem 6. Let f: Zype — Zg X Zyy X Z be the map described in Theorem 2. Then inverse
1s given by the formula

f’l([fv]a, [y]b; [Z]c) = [51361 + yes + zeg]abc
where eq, eo, e3 are as described above.
Proof. Fix ([2]a, [Yb, [2]c) € Za X Zy X Z. Observe that
xer+yes+z2e3 = x-14+y-0+2-0 =2 moda

xey+yes+z2e3 = x-0+y-1+2-0 =y modbd
3



rer+yes+zes3 = x-04+y-0+2-1 = 2z mod c.
Thus
f([wer + yes + zezlape) = ([2]as W], [2]c)
Now apply f~! to both sides of the above equation. O

Remark. There is a short cut for finding ey, e9, e3. Since [e; + e3 + e3] and [1] both map to
([1],[1],[1]) we have that they are equal (injectivity). So

e1+e+e3 =1 mod abe.

This means that we can choose e to be 1 — e; — e5. In other words, if we know two of the
three, the third can be obtained by subtracting the others from 1.

Exercise 7. Choose a, b, ¢ pairwise relatively prime, and determine the inverse map for your
choice of a, b, c.

Exercise 8. Describe the procedure for finding the inverse in the case of Theorem 1. Give
an example (such as m =4 and n = 3).

Exercise 9. Describe the procedure for finding the inverse in the case
Loy — Lony X Loy X Loypg X Loy,

where m = mymomsmy and where my, mo, ms, my are pairwise relatively prime.

5. UNITS

Proposition 7. Suppose that d | m where m is a positive integer. If [x],, is a unit in Zn,,
then its image [x]y is a unit in Zg.

Proof. 1If [z],, is a unit in Z,, then z and m have greatest common divisor 1. Since the
common divisors of x and d form a subset of the common divisors of x and m, we have
that 1 is the greatest common divisor of z and d. Thus [z], is a unit. U

Another Proof. Suppose that [z],, has inverse [y],,. Then zy = 1 mod m. Thus m divides
xy — 1. This means d divides zy — 1. Hence xy = 1 mod d. So [z]4 has inverse [y]q. O

Exercise 10. Make a list of units in Zsy and verify that they all map to units in Z,. Show
that there is a non-unit of Zsy that maps to a unit in Zj,.

Corollary 8. Let m and n be relatively prime positive integers. Then the map
Loy — Loy X L,

defined by the rule [z — ([x]m, [x]n) sends units to ordered pairs of units. In other words,
it restricts to a map

Zy, — Ly XTL.
Theorem 9. Let m and n be relatively prime positive integers. Then the map
Zy, — Ly XZ,.
defined by the rule (], — ([@]m, [2],) is a bijection.
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Proof. The associated function Z,,, — Z,, X Z, on the larger domain is injective, so the
restriction Z,,, — 7, X Z, is injective. We just need to show it is surjective.

To show it is bijective, let ([s]y, [t],) € Z) x ZX be an arbitrary element of the codomain.
We must find an element of the domain that maps to it. By the Chinese Remainder Theorem
there is an element [z}, € Zy,, that maps to it under the function describe in Theorem 1,
but is it a unit? If so then we would have that ([s]m, [t]n) is in the image of Z,,, — Z,, X Zy,.

Since [z]n — ([#]m, [2]n) we have ([2]m, [2]n) = ([s]m, [t]n). Comparing first coordinates,
we get [x],, = [s]n, which means that [z],, is a unit in Z,,. Thus ged(z,m) = 1. Likewise,
ged(xz,n) = 1 (by comparing second coordinates). By Lemma 4 we have ged(z, mn) = 1.
Thus [x],,, is in fact a unit. This shows that our function is surjective. O

Remark. (For readers with abstract algebra experience). The function described in the above
theorem is an isomorphism between groups.
6. EULER’S PHI FUNCTION AND UNITS

An element @ € Z,, is a unit if and only if @ and m are relatively prime. Thus the size of
77 is equal to the number of elements in {1,...,m} that are relatively prime to m. This
number, called ¢(m), arises in many places in number theory.

Definition 1. Let m > 1 be an integer. Then ¢(m) is defined to be the number of integers
in {1,...,m} that are relatively prime to m. The function m +— ¢(m) is called Euler’s phi
function or the totient function.

Ezxample. The integers less than or equal to 12 that are relatively prime to 12 are 1,5,7,11.
Thus ¢(12) = 4.

Thus we have the following:

Theorem 10. Let m > 1 be an integer. Then Z, has ¢(m) units. Thus 7., is a group with
o(m) elements.

Combining this with Theorem 9 yields the following:
Theorem 11. Suppose that m and n are relatively prime positive integers. Then
¢(mn) = ¢p(m)o(n).

Proof. This follows from Theorem 9 together with the fact that the cardinality of A x B is
ab where a is the cardinality of A and b is the cardinality of B. O

Corollary 12. If mq,...,m, are pairuise relatively prime positive integers, then
(b(ml .. .mr) = ¢(m1) ce (b(mT)
Proof. This follows from iterating the previous result. To prove this formally, use induction
on r. 0
7. OTHER FORMULAS FOR ¢

Let p be a prime. It is easy to see that ¢(p) = p— 1 since every positive integer less than p

is relatively prime to p. This generalizes from p' to p* as follows.
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Proposition 13. Let k be a positive integer. If p is a prime, then

o(p") =p" = pt =" (p - 1),
Proof. Clearly ged(a, p¥) > 1 if and only if a is a multiple of p since all common divisors of a
and p* must be powers of p. The multiples of p less than or equal to p* are p, 2p, 3p, ..., p" 'p.

Observe that there are p*~! such multiples. If we remove them from 1,2,3,...,p", we are
left with p* — p*~! integers. O

Remark. Once we have a prime power factorization of m, we can use the proceeding corollary
and proposition to compute ¢(m) as follows:

Proposition 14. If m > 1 is an integer, and m = pi* - --pS* where each p; is a prime and
each e; is positive, then

p(m) = ¢(pf) - d(pT) = (Pt —pP ") - (i — P )

Example. Since 150 = 2! - 31 - 52, we have ¢(150) = (2 —1)(3 — 1)(25 — 5) = 40. So Z, is a
group with 40 elements.

Here is another version of the above formula:

Corollary 15. If m > 1 is an integer then
1
s(m)=m]] (1 - 5)
plm

where the product is over all primes p dividing m.

Proof. Write m = [[ p® where e, = ord,(m). From the above proposition:

p(m) = H(p? —py ) = Hpep (1-p") = Hpep : H (1-p') = mH (1—p).
[l
Exercise 11. Calculate ¢(m) for m = 10,15, 17, 21, 125, 250, 500, 1000.

Remark. Let m > 1 be an integer. Then all primes p, except for those dividing m, are
relatively prime to m. So there are ¢(m) cases for such primes. Dirichlet revolutionized
number theory in 1837 by proving that there are an infinite number of primes in each of
these ¢(m) equivalence classes, and that statistically they are evenly distributed between
the classes.

For example (m = 4), all primes except 2 are of the form 4n+ 1 or 4n+ 3. In other words,
they are in the classes 1 or 3 in Z4. Can you give examples of primes in each of these classes?
Dirichlet proved that, in the limit, half the primes are of the form 4n + 1 and half are of the
form 4n + 3. The number one half is just 1/¢(4) since ¢(4) = 2.

Another example (m = 10). Observe that ¢(10) = 4, and that the units in Z;, are 1,3,7, 9.
Every prime number, except 2 and 5, is in one of these equivalence classes. In other words,
every such prime has final digit 1,3,7,9. Can you find a couple examples of each type?
Dirichlet’s theorem states that there are an infinite number of primes in each of these four
equivalence classes, and that the density of primes in each class is 1/4. This means, in the
limit, one fourth of the primes have final digit 7, say, and one fourth have final digit 9.

What is even more surprising about this result is the method used to prove it. Dirichlet

used analysis and functions defined by infinite products and series. This is the beginning
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of analytic number theory. In particular, he studied the zeta function ((s) and related
functions. The famous Riemann conjecture concerns this zeta function. Analytic number
theory is a facinating subject since it uses the resources of R and C to study the subset Z.
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