CHAPTER 11: EXPLORING R

WAYNE AITKEN AND LINDA HOLT

Summer 2019 Edition

In this chapter we investigate some important properties of R that are a
consequence of its completeness, and which fail for Q. For example, every
decimal expansion defines a real number, but not always a rational number.
Also, for every positive integer n and every nonnegative real number z, there
is a unique nonnegative nth root /™. The existence of such roots often fails
for rational numbers. We end the chapter by showing that @Q is countable,
but R is uncountable.

1. SUMMARY OF PROPERTIES OF R

We begin by collecting together for convenience some results about R that
have already been proved.

Theorem 1. The field R is a complete ordered field. In particular, every
nonempty subset S C R which is bounded from above has a supremum (least
upper bound). Likewise, every nonempty subset S C R which is bounded
from below has a infimum (greatest lower bound).

Proof. See Chapter 10 for the proof. The second statement is our definition
of completeness from Chapter 9, and the third statement was proved to be
a consequence of this definition. O

Theorem 2. Every Cauchy sequence in R converges.

Proof. See Chapter 10 for the proof (and Chapter 9 for the definition of
Cauchy). O

Theorem 3. The field R is an archimedian ordered field, and Q is a dense
subfield of R.

Proof. In Chapter 9 we showed that complete ordered fields are archimedian.
(We also proved this in Chapter 10 for R in particular). In Chapter 8 we
proved that Q must be a dense subfield of any archimedian ordered field. [

Theorem 4 (Intermediate Value Theorem). Let [a,b] be a closed interval
in R where a < b are elements of R. Suppose f: [a,b] — R is continuous.
If C € R is any value between A = f(a) and B = f(b) then there is an
element c € [a, b] such that f(c) = C.
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2 EXPLORING R

Proof. We proved this in Chapter 9 for complete ordered fields containing QQ
as a subfield. 0

Theorem 5. Suppose C' € R and that C > 0. Then there is a ¢ € R such
that ¢ = C.

Proof. We proved this in Chapter 9 as a corollary to the intermediate value
theorem. 0

Theorem 6. Let (a;) be a bounded monotonic sequence in R. Then (a;)
converges.

Proof. We proved this in Chapter 9 for complete ordered fields. O

2. MORE RESULTS ABOUT SEQUENCES
In Chapter 8 we proved some limit laws. Here we add a few more.

Theorem 7. Let x € R. If x > 1 then the sequence (z');>1 of powers is an
unbounded strictly increasing sequence of positive terms.

Proof. By induction we can show z' > 1 for all 4 > 1. This induction uses

the following inequality:

ot =2l > 2l = o

This inequality also shows that (z;) is a strictly increasing sequence. '
Now we show that the sequence is unbounded. Suppose instead that (x*)

is bounded, so it is a monotonic bounded sequence. Since R is complete, this

sequence would then converge (Theorem 6). All convergent sequences are

Cauchy, so (z') would have to be Cauchy. Now observe that, for all i € N,
et — | =2~ =iz - 1) > 1z —1) =2 — 1.

This implies that (z°) is not Cauchy (take ¢ = 2 — 1). This gives a contra-
diction. Thus the sequence (z') cannot be bounded. O

Exercise 1. Complete the above proof. (1) Show that if i > 1 then 2% > 1
by induction. (2) Explain why the sequence is not Cauchy.

Theorem 8. If (x;) is an unbounded increasing sequence of positive terms
in R (or in any ordered field F'), then the sequence (a:z_l) converges to 0.

Proof. Let ¢ > 0 be given. Since (z;) is unbounded, e~! cannot be an upper
bound of (z;). So there is a k € N such that 3 > e~!. Hence 7' < e.
If ¢ > k then x; > x}, since the sequence is increasing. So

-1 _

]xl 0‘ = xi_l < x,;l < e.

We conclude that (acl_l) converges to 0. ([

Exercise 2. Combine the above theorems to show the following for = € R:
(1) if 2 > 1 then the sequence (z7°) converges to 0. (2) If 0 < x < 1 then
the sequence (z*) converges to 0. Hint: the second follows from the first.



EXPLORING R 3

3. DECIMAL SEQUENCES

It is common to think of a real number as something that can be written
as an infinite decimal, such as 3.14159... or 1.41421.... Even rational
numbers can be written in this way: 3/2 = 1.5000... or 2/3 = 0.666666 . . ..
Our goal in this and the next few sections is to formally justify this view
of real numbers. For convenience, we typically restrict our attention to
nonnegative real numbers.

Definition 1 (Decimal sequence). Suppose n € N and (d;);>1 is a sequence
where d; € {0,...,9} for all i > 1. Then the sequence (s;) whose ith term is

i
d;
s=ntd 5
7=1
is called a decimal sequence. It is a sequence of rational numbers.

Remark 1. The sequence (s;) in the above definition is an example of a
type of sequence called a series. Series are sequences defined in terms of
summation. Each s; is called a partial sum of the series, and the limit, if it
exists, is called the value of the series.

Remark 2. The above definition describes the mathematical definition of a
decimal sequence. Now we discuss notation used in practice. Let n,s;,d;
be as in the above definition. Let NN be the base 10 numeral represent-
ing n, and let D; be the standard digit symbol representing d;. Then the
term sy is written N.Dq, the term so is written N.DqDo, the term s3 is
written N.D1Ds D3 and so on. Notation such as

N.D1D3D3D; . ..

is used to represent the limit of the above decimal sequence (s;), which we
will show always exists. It is the “...” at the end indicates that we are
referring to the limit (without the “...”, the express N.D1DoD3sD, would
refer to s4).

For example, 3.22222 ... denotes the limit of (s;) where

%
2
= 107

So 3.22222... is the limit of the sequence with terms 3, 3.2, 3.22, 3.222, .. ..
Given facts about geometric series, one can show that 22:1 % has limit
equal 2/9, so (s;) has limit 3 +2/9. Thus 3.22222... is 29/9.
Obviously expressions such as N.D1DoD3Dy ... do not itself give full
information about the decimal sequences or limits they represent. If there is
an obvious pattern in the digits given, then the reader is expected to assume
that the pattern continues. For example, the expression 3.1454545. .. would
suggest to the reader that d; = 4 for even ¢ > 2 and d; = 5 for odd ¢ > 3.

Even if there is no such pattern, the the convention is that is that the number
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of digits expressed is enough to approximate the number at hand, and that
further digits are not important (or not known) for the discussion.

If there is a k € N such that d; = 0 for all ¢ > k then s; is constant
for ¢« > k and we say that the decimal sequence “terminates”. The limit
is then equal to the kth term si, and we can write the number with a
terminating decimal. For example, 7.3450 can be used to represent the
limit when n = 7,dy = 3,d2 = 4,d3 = 5,dy = 0 and where we implicitly
assume di = 0 for £ > 5. Of course that same number could be written
as 7.345 or 7.34500 or even 7.34500... . As we will see later, this number
can also be written as 7.3449999. . ..

Remark 3. There is nothing sacred about base 10. We can easily replace 10
with another integer B > 1 in Definition 1, and insist that

d; € {0,...,B —1}.
This would give us base B expansions of real numbers.

Informal Exercise 3. What rational number is represented by 3.22000...7
If we are using base B = 4 notation, which rational number does 3.22000. ..
represent? (Write your answers as fractions in terms of two natural numbers
given in base 10).

Informal Exercise 4. What rational number is represented by 2.2111...
in base 10. If we are using base B = 4 notation, which rational number is
expressed by 2.2111.... (Write your answers as fractions in terms of two
natural numbers given in base 10).

Now we establish that any decimal sequence is bounded and monotonic.

Theorem 9. Suppose n € N and (d;)i>1 is a sequence where d; € {0,...,9}
for alli > 1. Then the sequence (s;) whose ith term is given by

7
d;
Sizn—i-jz_:lloj

is increasing with upper bound n+ 1 and lower bound n. In particular, it is
is bounded and monotonic.

Proof. Since d; <9 we have

) dj % 9
2w < X
j=1 J=1
(This can be rigorously shown using induction). So, by Lemma 10 (below),
i
S <
— 107
J=1

Adding n gives s; <n+ 1. Son + 1 is an upper bound for the sequence.
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Since d;1+1 > 0, we can show that n is a lower bound and that

d;
z,+1 > Si
101+1 -

for all . Thus (s;) is increasing. O

Si+1 = 8; +

The following is a special case of the formula for geometric series.
Lemma 10. For all i,
i
9 1
e
— 107 10°
J=1

Proof. Let s = Z By properties of summations and powers,

j=1 10a
i+1

9 19
10 Z10] Zmﬁl ZlOJ: 10 T 10100

]_

This is similar to the expression for s. In fact, we can write s as follows:

5 +2101

When we take the difference, the term Z cancels giving us

Jj=2 10J
S 9 19 9 1 1
710710 10100 10 100)
Multiply both sides by 10, then divide by 9. The result follows. O

Corollary 11. Supposen € N and (d;);>1 is a sequence where d; € {0,...,9}
for alli > 1. Then the sequence (s;) whose ith term is given by

i
d;
si=nt) g5
j=1
converges to a real number R. More specifically, it converges to a real num-
ber x withn <z <n-+1.

Proof. By Theorem 9, (s;) is bounded and monotonic. Since R is a complete
field, this implies that (s;) has a limit 2 (Theorem 6). Since

n<s;<n+1
we have n < x < n + 1 by basic limit laws (Chapter 8). O

Remark 4. This shows that every decimal sequence defines a real number.
For example, 3.17117111711117 ... defines a real number between 3 and 4.
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4. DECIMAL EXPANSIONS

In this section we consider the converse to the problem in the previous
section. We establish that every nonnegative real number is the limit of a
decimal sequence. The decimal sequence giving x as its limit is called the
decimal expansion of x.

Theorem 12. Every nonnegative real number is the limit of a decimal se-
quence. In other words, every nonnegative real number has a decimal expan-
Ston.

Proof. Let x be a nonnegative real number. We divide the proof into three
steps. First we define a sequence (a;) of rational numbers recursively in
terms of the given x. Next we show that (a;) is a decimal sequence. Finally
we show that (a;) converges to x.

We know R is archimedean, so by a result of Chapter 8 there is a unique
integer n such that n <z < n + 1. We define ag to be n.

Now suppose that a; € Q has been defined. We will now define a;4+1 in
terms of a;. Consider

y = 10"z — a;).

By the aforementioned result of Chapter 8 there is a unique integer d such
that d <y < d+ 1. Now define a;11:

def
ai+1 = a;+

100+1°
Next multiply the terms occurring in the inequality d < y < d+1 by 1/10+!
and simplify to observe that
a1 <x < a1+ Toit
This process recursively defines a sequence (a;);>¢ of rational numbers.
We did so in such a way that a; < z < a; + 1/10* holds for all ¢ > 0. In
other words, we have

0<z—aq so 0< 107 (z —aq;) < 10.

=100
In order to identify the digits, we select d; 1 to be the integer d that arises
in the above definition. So for ¢ > 0, let d; 1 be the unique integer such that

dit1 < 10i+1(£6 — ai) < diy1+ 1.
Equivalently, d;+1 is the largest integer less than or equal to 107 (2 — a;),
and, as established above, 0 < 10i*!(z — a;) < 10. In other words, for
each i > 1, we have d; € {0,...,9}. This completes the first part of the
proof: we have defined (a;) for i > 0 and the associated digits d; for i > 1.

Our next step is to show that (a;) is a decimal sequence. We do so by
establishing that

i
d.
a; = ag + E .
= 107
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Observe that this can be shown by induction. With this established, we see
that (a;) is a decimal sequence. This completes the second part of the proof.

Finally, we show that (a;) converges to x. By Corollary 11, (a;) has a real
limit, call it s. Above we established

ai§x<ai+1/10i

for all ¢ > 1. By previously established limit laws, we get s < x < s+ 0.
Thus z = s. So (a;) has limit = as desired. O

Exercise 5. Which limit 'laws were used to show that s < z < s+ 0 follows
from a; < x < a; +1/10? (Hint: one law used was an exercise from this
Chapter).

5. UNIQUENESS OF DECIMAL EXPANSIONS

Some numbers have two distinct decimal expansions, but in other cases
the expansions are unique. For example, 0.13999999... and 0.1400000. ..
are two representations for the same number 7/50. However, 0.22222222. ..
represents the unique expansion of 2/9.

In what sense is the decimal expansion of a nonnegative z € R unique?
In this section we will consider this question of uniqueness of decimal ex-
pansions.

Definition 2. Suppose n € N and (d;);>1 is a sequence where d; € {0,...,9}
for all 4 > 1, and that (s;) is the decimal sequence whose ith term is given
by

7
d;
Sl—n+;]_0j

We call this a nine-sequence if there is a k such that d; = 9 for all i > k.
We call this a zero-sequence if there is a k such that d; = 0 for all ¢« > k.

Remark 5. The number 14.563599999. . . is the limit of a nine-sequence, but
(by the uniqueness result below) the number 14.599999999111 . .. is not, nor
is 14.999999000. . ..

The number 14.56360000. . . is the limit of a zero-sequence. As mentioned
above we can write 14.5636 or 14.56360 for this number. For such a termi-
nating epression, it is assumed that the digits beyond the termination point
are 0, and that the associated decimal sequence is then a zero-sequence.

Theorem 13 (Non-uniqueness). Suppose the sequence with ith term

i
d;

si =do+ E =
= 107
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is a nine-sequence, and let k be the least integer such that d; =9 for alli > k.

Then (s;) converges to the same number as the zero-sequence (s;) where

7 d/~
7=1

and where (d;) is defined as follows: d = d; if i < k, but dj, = 1 + di,

and dj =0 if i > k.

Proof. Let x be the limit of (s;), and let 2’ be the limit of (s}). Observe
that for ¢ > k,

k—1 '
B d; | dy ~ 9
S; — — + — —
10~ 10 107
Jj=0 j=k+1
k—=1 u i—k
S P AV Seb i
104 10% 107tk
7=0 Jj=1
=& d 11 X9
= T . T [ -
107 10k 10~ 10k 107
3=0 J=
"d 11 1
S () e (s
100 | 105 T 10F 10F
1,11
=Sy —t+-——F— 7
P10k T 10k 10k 100K
oA
B 108"
The limit of (107%) is 0 by an earlier exercise. So x = 2. O

Remark 6. The above shows that a nine-sequence can be replaced by a zero-
sequence representing the same real number. For example, 11.34999. .. gives
the same real number as 11.35000... (where k = 2) and 9.99999... gives
the same result as 10.0000. .. (where k£ = 0).

Theorem 14. Consider two convergent sequences (s;) and (t;) defined in

terms of sums:
si:Zaj, ti:ij.
=l =l
Write A for the limit of (s;) and B for the limit of (t;). If a; < b; for
all j > 1, then A < B. If in addition some a; < bj, then A < B.

Proof. Observe that s, <t for all kK > [ by induction. So in the limit A < B
(See Chapter 8).
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Now assume in addition that a; < b; for a specific integer j. If j > [ then
sj+ (bj —aj) = (sj—1 +aj) + (bj —a;) =sj—1 +b; <tj_1+b; =t;.
If, on the other hand, j =, then
sj + (bj — a;) = a; + (bj — a;) = bj = t;.
In any case, s; + (b; — a;) < t;. By induction, this extends to j > k:
sk + (bj —aj) < tg.
So in the limit. A+ (b; —aj) < B. Thus A < B since b; — a; > 0. O

Theorem 15 (Comparison). Suppose we have two decimal sequences that
differ starting in the kth digit. More precisely, suppose

- 7 R _J
J= J=

such that there is a k € N where d; = d}; if i < k but dy, > d).. Let S and S’
be the respective limits of (s;) and (s;). Then S > S'.

Equality S = S’ holds if and only if (i) di, = dj, + 1, (ii) (s;) is a zero-
sequence with d; = 0 for all i > k and (iit) (s}) is a nine-sequence with d; = 9

for alli > k.
Proof. Define (t;) by

where e; = d; if i < k, but where e; = 0 if i > k. Let T be the limit of (¢;).
Then S > T by Theorem 14 where equality holds if and only if (s;) = (¢;)
as sequences.

Define (t;) by

i /
r_ €j
b _‘€0+§£; 107
]:

where e; = d} if i < k, but where €} =d; —1 and e, =9 if i > k. Let T’ be
the limit of (¢;). Then 7" > S” by Theorem 14 where equality holds if and
only if (s}) = (t}) as sequences.
Finally, T = T’ by Theorem 13. Thus
S>T=T>9
with equality S =T =T = S’ if and only if (s;) = (¢;) and (s]) = (¢}). The
result follows. g

This leads to the main uniqueness results described in the following three
corollaries.

Corollary 16. Fvery nonnegative real number has a unique non nine-
sequence decimal expansion.
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Corollary 17. Every nonnegative real number has a unique non zero-sequence
decimal expansion.

Corollary 18. Suppose x is a nonnegative real number with a decimal ex-
pansion that is neither a nine-sequence nor a zero-sequence. Then the deci-
mal expansion of x is unique.

Informal Exercise 6. Write 3/2 using two different decimal expansions.
What is the unique non nine-sequence representing 3/27

Informal Exercise 7. Write 14.999999000. .. in terms of a nine-sequence.

6. BASIC INEQUALITIES FOR kTH POWERS
We now establish a tool-kit of useful results used later in the chapter.

Lemma 19. Let x,y be positive elements of an ordered field F'. Then x™
and y™ are also positive for all n € N. Furthermore, if n > 1 then

" <y" = x<y

and
" <yt = x<y.

Proof. If x € F is positive, then observe that x™ is positive for n > 0 (by
induction using closure of the positive subset P C F, and using the fact
that 1 is positive in the base case).

Observe next that if 2 < y, then 2™ < y™ for n > 0 (also by induction).
Similarly, if x < y then 2™ < y™ for n > 1 (by induction starting at n = 1).

Suppose z" < y" and n > 1. If y < x then y™ < 2" by the above. This is
a contradiction to trichotomy. Thus z < y.

Suppose z" < y"™ and n > 1. If y < x then y™ < 2" by the above. This is
a contradiction to trichotomy. Thus z < y. O

Lemma 20. Let x,y be nonnegative elements of an ordered field F'. Let
n € N. Then ™ and y™ are also nonnegative. Furthermore, if n > 1, then

" <Yt —= x<y.

Proof. The case where x and y are both positive is covered by Lemma 19.
Observe that if one or both of x,y is zero then previously established facts
about 0 give the conclusion. O

Exercise 8. Give details in the above proof where (i) z = 0, and (ii) y = 0.

Lemma 21. Let x,y be nonnegative elements of an ordered field F'. If n is
a positive integer then
"=y = x=y.

Proof. The direction < follows from properties of equality: if x = y then
we have z" = y" by substitution.

So suppose 2™ = y™. Then 2™ < y", hence = < y by the previous lemma.
Likewise, y < z. So = = y. O
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7. EXISTENCE OF nTH ROOTS

In this section, we will establish that every nonnegative x € R has a
unique nonnegative nth root in R.

Definition 3 (nth root). Let F' be a field, and let n be a positive integer.
If 2" = X where z, X € F', then we say that x is an nth root of X.

In the special case where n = 2, then zx is called a square root of X. In
the special case where n = 3, then x is called a cube root of X.

First we show existence of an nth root for C' > 1.

Lemma 22. Let n be a positive integer. If C' > 1 is a real number, then
there is a positive real number ¢ such that ¢ = C.

Proof. Let b = C. Observe, using induction for n > 1, that f(x) = 2"
defines a continuous function [0,b] — R and that since C' > 1,

c<on

The above is for all n > 1. Now fix n, and let f(x) = 2. Let A = f(0)
and let B = f(b). Observe that A = f(0) =0, so A < C. Since b = C, we
have B = f(b) = C™. So C < B, since C < C™. Since A < C < B, there
is a real ¢ € [0,b] such that f(c) = C by the Intermediate Value Theorem
(Chapter 9). Since f(c) = ¢", the number ¢ has the desired property. O

Exercise 9. Give details for two steps in the first paragraph of the above
proof: (1) Show that f(z) = z" defines a continuous function (hint: con-
sider g(z) = x the identity function. What is ¢g" in the ring of continuous
functions?) (2) Show that if C' > 1 then C™ > C for all n > 1.

We need another lemma to handle roots of real numbers less than one.

Lemma 23. Let n be a positive integer. If 0 < X < 1 is a real number,
then there is a positive real number x such that 2™ = X.

Proof. Let C = 1/X. Observe that C > 1. So there is a positive real
number ¢ with ¢ = C (by the previous lemma). Let z = 1/c. Observe
that 2" = 1"/c" = 1/C = X as desired. O

Theorem 24 (nth roots). Let X € R be nonnegative and let n € N be
postive. Then X has a unique nonnegative nth root x. If X is positive then
S0 18 T.

Proof. If X > 0 then the existence of a positive nth root follows from the
previous two lemmas. If X = 0 then x = 0 is an nth root.
To show uniqueness, suppose x; and xo are two nth roots. Then

=X =a5.

By Lemma 21, 1 = z2 as desired. So uniqueness holds. (|
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Definition 4. If x is a nonnegative real number and if n € N is a positive
integer, then /™ is defined to be the unique nonnegative nth root of z. We
sometimes write z'/" as {/z.

If = is a nonnegative real number, then /x is defined to be the unique
nonnegative square root of z. In other words, \/x is z1/2,

Definition 5. An irrational real number is an element of R that is not in Q.

Remark 7. Suppose that b is a natural number that is not of the form a™ for
some a € N. Then one can show that b'/™ is irrational. We will not prove
this here, but it can be easily proved using basic number theory.

For example 6 is not of the form a® with a € N, in other words 6 is not a
cube. So 6!/3 can be shown to be irrational.

8. FRACTIONAL POWERS
Here we give a few properties of fractional powers.
Theorem 25. Let x,y € R be nonnegative, and let n € N positive. Then
(ey) /" = 2yt
Proof. Let v = z'/™ and w = y'/™. By Definition 4, v" = z and w" = v,

and v and w are nonnegative. By closure properties, vw is nonnegative, and
by properties of commutative rings,

(vw)" = v"w" = xy.
Thus vw is the nonnegative nth root of xy. So (xy)l/" =ow =27yl 0O
Exercise 10. Prove the following.
Theorem 26. Let x,y € R be nonnegative, and let n € N positive. Then
(m””)n =z, and (2" = .
Definition 6 (Fractional powers). Suppose z is a nonnegative real number,
and p/q is a positive rational number with p, ¢ positive integers. Then
oP/1 L (gpyl/a
Lemma 27. The above definition is well-defined: it does not depend on the

choice of numerator and denominator used to represent the given rational
number.

Proof. Suppose that p/q = r/s where p, g, r, s are positive integers. We must
show that
(xp)l/q _ (xr)l/s ]

Let v = (zP)"? and w = (337”)1/8. Observe that
v?® = gP? and w? = ",

Since p/q = r/s, we have ps = gr. Thus v?® = w?. By Lemma 21, v = w
as desired. O
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Theorem 28. Suppose x is a nonnegative real number, and p/q is a positive
rational number (with p,q positive integers). Then

2P/1 — (mp)l/q _ (xl/q>p

Proof. The first equality is true by definition. To establish (zP )1/ 1= (931/ q)p,
raise both sides to the same power ¢q. Both sides simplify to give the same
answer, namely zP. Now use Lemma 21. [l

Remark 8. For example, you can compute 82/3 in two ways. The first method
starts with 8 = 64. Then you take the cube root, which is 4. In the second
method you take the cube root of 8. This is 2. Next square it. This gives 4.
Of course, both methods give the same answer.

9. Roors IN R

Above we considered only nonnegative nth roots of nonnegative real num-
bers. In this case we have existence and uniqueness. When we look at all
real numbers we experience problems with existence and uniqueness when
n is even. The case when n is odd works out better.

Lemma 29. Suppose n is a positive integer. Then 0 has exactly one nth
root. That root is 0.

Exercise 11. Use the fact that R is a field to show that if x # 0 then 2™ # 0
for all n > 1. Now prove the above lemma.

Theorem 30 (Roots for even exponents). Suppose n is a positive even
integer, and that x € R.

If £ > 0, then x has exactly two nth roots: /™ and —z'/™.

If x =0 then x has exactly one nth root. That root is 0.

If © < 0 then x has no nth roots.

Proof. Write n as 2m.
First suppose that z is positive. Then z/™ is a positive nth root. Consider
the negative real number —z'/™. Then

(—x”")n =(=1)" (a:l/">n = ((—1)2)mx =1".z=u.

So —=x is a second nth root. Suppose y is a third nth root. Observe
that y cannot be positive by the uniqueness claim of Theorem 24. y # 0
since « # 0. So y is negative. This implies that —y is positive. Observe that

1/n

(=y)" =y" ==
Thus —y is the positive nth root z'/™. This implies that y = —z'/". So
there is no distinct third nth root.
The case of x = 0 is covered by the previous lemma.
Finally, suppose z < 0. If y € R, then y? is nonnegative. So y" = (yQ)m
is nonnegative. So 4™ # x. Thus x has no nth roots. O
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Lemma 31. Suppose n is a positive odd integer. If x < 0 then ™ < 0.

Exercise 12. Prove the above. Hint: write n = 2m + 1. (There is no need
to use induction).

Theorem 32 (Roots for odd exponents). Suppose n is an odd integer, and
x € R. Then x has a unique nth root.
If x < 0 then the unique nth root of x is —|x|*/™.

Proof. As in the above lemma, if y < 0 then y™ is negative. This shows that
if x > 0, then x cannot have any negative nth roots. But we know x has a
unique nonnegative square root. Thus the theorem holds for x > 0.

If 2 < 0, then the nth power of —|z|"/™ is equal to —|z|. But —|z| = z
in this case. So —|z|'/™ is an nth root. Suppose y is another nth root.

Then (—y)" = —x = |z|. By the uniqueness claim for nonnegative reals
demonstrated above, —y = |z|'/". Thus y = —|z|"/™. So the nth root is
unique. O

10. COUNTABILITY AND UNCOUNTABILITY

We have encountered several differences between Q and R. We consider
one more very important difference: Q is countable, but R is not.

Definition 7. A nonempty set S is countable if there is a surjection N — S.
The empty set is also considered to be countable. If S is nonempty and no
such surjection exists, then S is said to be uncountable.

Remark 9. The surjective function N — S described above is called a count-
ing function. We do not require it to be a bijective since we want to consider
finite .S where a function N — S cannot be a bijection.

However, it turns out that if .S is infinite, one can show that the existence
of a surjective f: N — S implies the existence of a bijective f': N — 5. We
will not need this result here, though.

Exercise 13. Show that every finite set is countable. Show that N and Z are
countable. Hint: for Z, define a function N — Z that sends each even 2k € N
to k and sends each odd 2k — 1 € N to —k.

Theorem 33. The set or real numbers R is uncountable.

Proof. We show that no function f: N — R can be surjective. We do so by
taking any given f: N — R, and finding a real number that is not in the
image. So let f : N — R be given. We can think of f as providing a list
or sequence of real numbers: f(0), f(1), f(2),.... The goal is to construct a
decimal sequence giving a new real number not on the list.

Let n be a positive integer greater than f(0). For each i > 1 let d; be
the ith digit in the decimal expansion of |f(7)|. In other words d; serves as
the digit for the 10~% place of the expansion. (For definiteness, we choose
the decimal expansion to be the unique non nine-sequence).
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Now define d; = 5 if d; # 5, but choose d; = 7 if d; = 5. Consider the
decimal sequence defined by

7 d”
Si=n -+ E L.
o 107

As we proved above, this defines a real number x between n and n+ 1. Note
that x is positive since x > n > 0.

Observe that © # f(0) since x > n > f(0). If i > 1 and f(i) > 0 then
the decimal expansion of o and f(i) differ in the 10~ position: the first has
coefficient d and the second d;. By uniqueness of decimal expansions for
non nine-sequences, z # f(i). If f(i) is negative then x # f(i) since z is
positive.

In any case, x # f(i) for each ¢ > 0. Thus z is not in the image of f.
Thus f cannot be surjective. O

In contrast Q is countable. This is surprising at first since Q is dense
in R. The first step is to recall that each Q can be written as a fraction a/b
where b > 0 and where a,b € Z. It is somewhat surprising at first that Z x Z
is countable. For our needs, we can focus on the subset @), and show it is
countable:

Q ¥ {(ab)ezZxZ|b>1}.
Lemma 34. There is a bijection N — Q. In particular, the set Q is count-
able.

Proof. (Informal) We show this by constructing a sequence of points in @
in such a way that every element of ) occurs eventually in the sequence.
There are several reasonable ways of doing this. One way is to proceed as
follows: start with

(—=1,1),(0,1),(1,1)
then continue with
(-2,1),(-2,2),(-1,2),(0,2),(1,2),(2,2),(2,1)
then continue with
(—=3,1),(-3,2),(—=3,3),(-2,3),...,(2,3),(3,3),(3,2),(3,1)

and so on. In the nth group we consider the subset of pairs (a, b) where the
max of |a| and b is equal to n. One can show that there are 4n — 1 terms
in each group, but what is important in this proof is that each has a finite
number of terms. Combine these finite sequences into one infinite sequence:

(—=1,1),(0,1),(1,1),(-2,1),(-2,2),(-1,2),(0,2),(1,2),(2,2),. ..,
If we define f: N — Q by sending f(n) to the nth term of the sequence

(where the Oth term is the start of the sequence), then this gives a bijec-
tion N — Q. O

Theorem 35. The set Q is countable.
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Proof. Start with any surjection f: N — @, for example the map from the
previous lemma. Define a function g: N — Q by the rule that g(n) = a/b
where (a,b) = f(n).

We show that every r € Q is in the image of g, so g is surjective. Since r
is rational, it can be written as a/b for some (a, b) € Q. Since f is surjective,
there is an n € N such that f(n) = (a,b). Thus

gn) =a/b=r.

In other words, r is in the image of g. U

APPENDIX: A RIGOROUS PROOF OF LEMMA 34

In this appendix we outline a rigorous proof of the existence of a bijec-
tion N — @) where

QY {(a,b)eZxZ|b>1},

First we define an order on ). It will be a bit different than the order
described informally above, but it is easier to describe and work with. Given
pairs (a1,b1), (az,b2) € Q we define (a1,b1) < (a2,b2) to hold if and only if
one of the following occurs

(1) max(|a1],b1) < max(|az|, b2).
(ii) max(|a1|,b1) = max(|az|,b2) and a; < as.

(iii) max(|ai],b1) = max(|az|,b2) and a; = ay and by < bs.

Observe that (—1,1) is the minimum element of @, but that @ has no
maximum with this order. We show that < is indeed an order relation:

Lemma 36. The relation < is a strict linear order on Q).

Proof. For transitivity, assume (a1,b1) < (ag,b2) and (ag,b2) < (as,bs).
The condition (ai,b1) < (ag,be) divides into three cases, and the condi-
tion (ag, b2) < (as, b3) divides into three cases. For each of the nine combined
possibilities, it is immediate that (a1,b1) < (as, b3).

In order to prove the trichotomy property for (ai,b1), (az,b2) € Q divide
into cases: max(|ail,b1) # max(|az|, b2) or max(|a1|,b1) = max(|az|,b2). In
the later case divide further into subcases: aj # as or a; = ao. U

By the above lemma, @ is an ordered set with <.
Lemma 37. With the order < defined above, Q is well-ordered.

Proof. Let S be a nonempty subset of (. We will show that S has a
minimum. First consider the set 7T} of natural numbers that can be writ-
ten as max(|al,b) for some (a,b) € S. Note that 7 has a minimum ¢
since N is well-ordered (Chapter 2). Let S; be the subset of S consisting
of pairs (a,b) € S such that ¢ = max(|a|,b). Observe that if (a,b) € S;
then (a,b) < (d/,b') for each (a/,b') € S — S; since max(|a’|,b’) must be
strictly greater than ¢.
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Now let A be the following set:

AY {a € Z | there is a b with (a,b) € S;}.
Observe that A is a nonempty subset of Z and has lower bound —¢. Thus
it must have a minimum ay (by a theorem of Chapter 4). Let Sy be the set
of pairs (ap,b) € S1. Observe that if (ap,b) € Se then (ag,b) < (a’,b') for
each (a/,b') € S1 — Sy since ap < a. Combining with a previous result we
get, in fact, that (ag,b) < (a’,b’) for each (ag,b) € Sy and (a/,b') € S — Ss.
Observe also that Sy is nonempty, so the set

B Y (beN | (ap,b) € S5}
is nonempty. Let by be its minimum. Observe that if (ag, bp) is the minimum
of Sy. Conclude that (ag, bp) is actually the minimum of all of S. O

Now we are ready to define a bijection f: N — ). We define this recur-
sively by the conditions (i) f(0) = (—1,1) and (ii) f(n + 1) is the smallest
element of () strictly greater than f(n). Condition (ii) is well-defined since @
is well-ordered and has no maximum. So by the principle of recursive defi-
nition, f is defined.

We still need to show that f is bijective. By induction we can show, for
any fixed n € N, that f(n + k) > f(n) for all £ > 1. A corollary of this is
that f is injective.

Suppose that (a,b) € @ is not in the image of f. By induction we can
show that f(n) < (a,b) for all n € N. Since f is injective, and since every
element in the image is less than (a, b), this shows (as seen in Chapter 3) that
the set of elements S less than (a,b) is infinite. However, if ¢ = max(|al|,b)

SCl{t,.. tyx{l,....t)

which is finite. A contradiction. We conclude that every element of @ is in
the image of f.
Thus f: N — @ is a bijection as desired.

APPENDIX: MORE ON COUNTABILITY

We will give yet another argument that

Q¥ ((ab)ezxz|b>1).

is countable. While doing so we will establish some additional important
properties of countable sets.

Theorem 38. Every subset of a countable set is countable.

Proof. Suppose S C T and T is countable. Our goal is to show S is count-
able, and if S is empty, it is countable by definition. So we will assume S is
nonempty, and fix an element so € S. In this case T is nonempty as well.
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Since, in this case, T is countable and nonempty, there is a surjective
function f: N — T. Define a function g: N — S as follows:

o(n) = {f(n), if f(n) €5

S0 otherwise

Given s € S we have s € T, so there is an n € N so that f(n) = s since f
is surjective. Observe that g(n) = f(n) = s. We have established that g is
surjective, and so S is countable. ([

Theorem 39. Let f: S — T be a function. If f is surjective and S is
countable then T is countable. If f is injective and T is countable then S is
countable. Hence, if f is bijective then one of S and T is countable if and
only if both are countable.

Proof. First assume that f is surjective. If S is empty, T is empty so count-
able. Otherwise there is a surjection N — S by definition of countable. Thus
there is a surjection N — 7" by composition.

Now assume that f: .S — T is injective, and let Ty be the image of f in T'.
From f we get a bijection S — Ty. Let g: Ty — S be the inverse. By the
previous theorem, Tj is countable, and note that g: Tp — S is surjective.
Thus S must also be countable by the first part of the current theorem. [J

Now we give a third proof for the countability of Q:

Theorem 40. The set Q def {(a,b) € Z X Z | b> 1} is countable.
Proof. Let f: Q@ — Z be defined by the rule
f(a,b) = 2°(2a + 1).

We begin by showing that f is injective. Assume

21 (2a1 + 1) = 2°2(2a5 + 1)
with by > b;. Then

(2a1 + 1) = 222751 (2a5 4 1).
The left side is odd, so the right must be as well. Thus b, = by and so we
also have (2a; + 1) = (2a2 + 1). From the later equation we get 2a; = 2as,
and by cancelling we get a1 = ay. Thus (a1, b1) = (ag, b2).

We have established the injectivity of the function f: @ — Z. Since Z is

countable, we use the previous theorem to conclude @ is as well. ([l



