CHAPTER 6: RATIONAL NUMBERS AND ORDERED
FIELDS

LECTURE NOTES FOR MATH 378 (CSUSM, SPRING 2009). WAYNE AITKEN

1. INTRODUCTION

In this chapter we construct the set of rational numbers QQ using equiva-
lence classes of pairs of elements of Z. Informally, the coordinates of such a
pair denote the numerator and denominators of a fraction, but formally we
treat them simply as ordered pairs. The first main result of this chapter is
that Q is a field. We use a canonical embedding to view Z as a subset of Q.

Although the definitions for addition and multiplication for Q are inspired
by our prior experience with fractions, we do not use this knowledge in our
proofs in the formal development. Instead the proofs are based on previous
results developed for Z in earlier chapters. Later we do formally develop
division and fractional notation for fields in general, not just @, and prove
the main laws that govern the use of fractions. After this we can and will
use fractions in our formal development.

Next we investigate the inequality relation on Q centered around the
concept of positive. Many of the results discussed here hold for the field R,
developed in the next chapter. For the sake of efficiency, we develop the
general notation of an ordered field in order to formulate and prove results
that hold for both Q and R.

2. BASIC DEFINITIONS

We need to define Q and the operations of addition and multiplication
on this set. Before defining Q we define a related set Q which informally
represents quotients of integers. The difference between ) and Q is that the
latter consists of equivalence classes of the former.

Definition 1. Let Q = {(z,y) | z,y € Z and y # 0}. The first element
of a pair in @ is called the numerator, and the second element y is called
the denominator. Elements of () are called numerator-denominator pairs.

Remark 1. It might be tempting to write (z,y) symbolically as x/y. We do
not do so because we will define z/y later when considering division in any
field, so using x/y now could create confusion. Also, using the notation x/y
might lead one to unintentionally use properties about fractions that have
not yet been formally proved.
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Informal Ezercise 1. Using your prior informal knowledge of fractions as
inspiration, how would you add and multiply (z,y) and (w, z)? How would
you decide if (z,y) and (w, z) are equivalent?

We now formalize the concepts in the above exercise. First we define
rational equivalence.

Definition 2. We say that two elements (z,y) and (z,w) of Q are rationally
equivalent if xw = yz. In this case, we write (x,y) ~ (z,w).

Theorem 1. The relation ~ is an equivalence relation on the set Q).

Ezercise 2. Prove the above theorem. Hint: the reflexive and symmetry
laws involve using the commutative law for Z. The transitivity law requires
multiplying an equation by a constant, performing basic manipulations, and
using the cancellation law (for a non-zero element of Z).

Definition 3. If (z,y) € Q then [(z,y)], or just [z,y], denotes the equiva-
lence class containing (x,y) under the above equivalence relation.

Definition 4. Define Q as follows
def

Q = {lz.y]l (z,y) € Q}.

In other words,
Q = {[z,y] | #,y € Z with non-zero y}.
Ezercise 3. Prove the following two theorems.
Theorem 2. Let (x,y) € Q. Then [z,y] = [0,1] if and only if z = 0.
Theorem 3. Let (z,y) € Q. Then [z,y] = [1,1] if and only if v = y.
Definition 5. Define two binary operations, addition and multiplication,
for Q as follows. Let [x,y] and [z, w] be elements of Q. Then
[z,y] + [z, w] e [zw + yz, yw]

and

[w,y] - [z0] € [ez, yul

Since these definitions involve equivalence classes, we must show that they
are well-defined. This is the purpose of the following lemmas.

Lemma 4. Addition on Q is well-defined.
Proof. We want to show that if [z,y] = [2/,v'] and [z, w] = [¢/,w'] then
2w +yz, yw] = [2'w' +y', y'uw'].

In other words, suppose (z,y) ~ (2/,y') and (z,w) ~ (2/,w’). We must
show (zw + yz,yw) ~ (2'w’ + y'2',y'w’). By definition of ~, we need to
show that

(zw +y2)(y'w') = (2w +y'2) (yw).
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This can be shown as follows:

(zw +yz)(Yu') = (zw)(y'w') + (y2)(y'w')
= (z¢)(ww') + (20)(yy)
= (ya2")(ww') + (2w')(yy")
= (y2)(ww') + (w2)(yy)
= (2" (yw) + (v'2) (yw)
= (v +y'2)(yw)

Lemma 5. Multiplication on Q is well-defined.

Ezxercise 4. Prove the above lemma.

Exercise 5. Prove the following two theorems.

Theorem 6. For any [z,y] € Q,
[z, y] + [0, 1] = [, 9]

and

[z, 9] - [1,1] = [2,9]

Theorem 7. Suppose x,y,c € Z where y # 0 and ¢ # 0. Then (cz, cy)

and

[cx, cy] = [z,y].

Ezercise 6. Prove the following three theorems.

Theorem 8. Addition in Q is commutative.

Theorem 9. Multiplication in Q is commutative.

(
(
(
(
(
(

3
Distr. Law of Ch. 3)
Laws of Ch. 3)
Since (z,y) ~ (',1/))
Since (z,w) ~ (2, w'))
Laws of Ch. 3)
Distr. Law of Ch. 3).

([

€Q

Theorem 10. Suppose x,y are non-zero integers. Then

[.T,y] ’ [yvx] = [171]

3. MAIN THEOREM

The set Q is a field. The additive identity is [0,1] and the
Suppose x,y € Z with y # 0.
z,y]. If x # 0 and y # 0 then the multiplicative

Theorem 11.
multiplicative identity is [1,1].
additive inverse of [z, y] is [—
inverse of [z,y] is [y, x].

Then

the

Ezercise 7. Prove the above theorem. Hint: several parts have been proved

above.
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4. THE CANONICAL EMBEDDING

Definition 6. The canonical embedding 7Z — Q is the function defined by
the rule
a— |a,1].

Theorem 12. The canonical embedding Z. — Q 1is injective.
FExercise 8. Prove the above theorem.

FEzercise 9. Show that [2,2] is in the image of the canonical embedding, but
[1,2] is not in the image of the canonical embedding. Conclude that the
canonical embedding is not surjective. Hint: suppose [1,2] = [a, 1]. Derive
a contradiction from (1,2) ~ (a,1).

If we identify a € Z with its image in QQ, then we can think of Z as a subset
of Q. So from now on, if a € Z, we will think of a and [a, 1] as being the
same element of Q. By Theorem 7 we have that [ca, ¢] and a are considered
as the same element of Q (if ¢ is non-zero), so a pair does not have to end
in 1 to be an integer.

By this convention, 0 € Z is identified with [0, 1], and 1 € Z is identified
with its image [1,1]. By Theorem 11, 0 = [0, 1] is the additive identity and
1 =[1,1] is the multiplicative identity as expected.

Since we now think of Z as a subset of ) we have to be careful with +
and - in Z. We defined these operations for Z in one way in Chapter 3, and
then defined them for QQ in the current chapter. Do we get the same answer
for integers a,b € Z as for the corresponding elements [a, 1] and [b,1] in Q7
The answer is yes since

[a,1] + [b,1] = [a+ b, 1] and [a,1] - [b,1] =[a-b,1- 1] = [ab, 1].
Likewise for additive inverse: by Theorem 11
—la,1] = [~a,1].
This equality shows that if @ is identified with [a, 1], then the definitions of

additive inverse, either as an integer or as a fraction, gives the same result.
We summarize the above observations as follows.

Theorem 13. Consider Z as a subset of Q. Then the addition, multiplica-
tion, and additive inverse operators on Q extend the corresponding operators
on Z.

Remark 2. Since subtraction (in any ring) is defined in terms of addition
and additive inverse, the above theorem tells us that the subtraction of QQ
extends that of Z.

Remark 3. In this chapter we have constructed Q from Z using equivalence
classes. Everything we have done works if Z is replaced with an arbitrary
integral domain. In other words, if R is an integral domain, the above
techniques can be used to construct a field ' and a canonical embedding of
R into F. The field F' is called the field of fractions of R. Thus Q is the
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field of fractions of Z. The field F is called the field of fractions since every
element of F' can be written as a/b where a,b € R with b # 0 (see next
section for the definition of a/b).

If R is already a field, then the canonical embedding can be shown to be
a bijection.

5. D1viSION AND FRACTIONAL NOTATION

Before studying the field Q in more detail, it is helpful to have the concept
of division and to set up fractional notation. These concepts are valid in
any field F', not just Q.

Definition 7. Suppose x,y € F where F is a field and where y # 0. Then

T

x/y is defined to be x - y~1. We also write this as m

Remark 4. The rule (z,y) — z/y defines a function F' x F* — F. This is
almost, but not quite, a binary operation. If fails to be a binary operation
due to the fact that its domain is not all of F' x F. We call this “almost
binary” operation the division operation.

Observe that a field has all four traditional arithmetic operations: addi-
tion, subtraction, multiplication, and division.

Most of the familiar identities and laws concerning fractions and divi-
sion are valid for general fields, and can be easily proved using the identity

(xy)~! = z7'y~!, an identity that is valid in any field. Here are some
examples,
Theorem 14. Suppose that x € F and y,z € F* where F is a field. Then
zx @
oy

Proof. Observe that
(z2)/(zy) zx)(2y) (Def. 7)
zz) (27 y ) (Inverse Law for fields)

(
(

= (zy7') (zz71) (Comm/Assoc. Laws for fields)
(

O

Theorem 15. Suppose that x,y,z € F where F is a field and y # 0. Then
T Z T+ z

y oy )

Proof. Observe that
c/y+zy = xy ' 4ay! (Def. 7)
= (z+2)y! (Distr. Law for rings)
= (x+2)/y (Def. 7)
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Theorem 16. Suppose x,z € F and y,w € F* where F is a field. Then
T z TW + Yz
y wo yw
Proof. Observe that
(zw +y2)/(yw) = (2w +yz)(yw) ™ (Def. 7)
= (zw)(yw) ™' + (y2)(yw)~' (Distr. Law for rings)

= (zw)/(yw) + (y2)/(yw)  (Def. 7)
= z/y+z/w (Thm. 14)

O

Ezxercise 10. Let x,z € F and y,w € F* where F is a field. Prove the

following
T Z Tz 0
o L
Yy w yw Yy
x z  xz
- =7, rT—=—,
1 y oy
Ezercise 11. Let z,y € F where F is a field and y is not zero. Then show
that z/y and (—z)/y are additive inverses. Conclude that

x
y— = 2.
Yy

x - —r
- —=— and - —=—
Yy Yy Yy Yy
Ezercise 12. Let x,y € F* where F' is a field. Then show that z/y and y/x

are multiplicative inverses. Conclude that

1y
)y x
Theorem 17. Let x,z € F and y,w € F* where F is a field. Then
T_Z2 — Tw = Yz,
y w
and
r oz
S=2 = =2
Y Yy

Proof. Multiply both sides of each equation by the appropriate constant. [

6. FURTHER PROPERTIES OF Q

The above concepts and properties apply to any field. Now we use these
concepts and properties in the context of Q. First we see that [z, y] can be
thought of as the fraction z/y.

Theorem 18. Let x,y € Z where y # 0. Think of Z as a subset of Q via
the canonical embedding. Then

[ﬂj,y] = ;
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Proof. By definition of multiplication in Q, we have [z,y] = [z,1] - [1,y].
However, [1,y] = [y,1]~!. Thus

[‘T?y] = [.’17, 1] ’ [ya 1]71‘
We identify x with [z, 1] and y with [y, 1]. Therefore,

1

[z,y] = -y ==x/y.

O

Corollary 19. Think of Z as a subset of Q wvia the canonical embedding.
Then

Q={% | abeczandb#0}.

Remark 5. Another consequence of the above theorem is that the canonical
embedding is given by the law a — a/1.

In Q we can be picky and insist that the denominator be positive:

Theorem 20. Ifr € Q then there are integers a,b such that
a
r=—

b

and such that b is positive. In particular,
Q={% | abezZandb>0}.

Exercise 13. Prove the above theorem. Hint: use Theorem 14 if necessary.

Lemma 21. Ifr € Q then there are relatively prime integers a,b € Z such
that b > 0 and such that r = a/b.

Proof. By Theorem 20 there are a’,b' € Z such that ¥ > 0 and r = a'/b'.
This theorem does not guarantee that a’, b’ are relatively prime, so let g be
the GCD of @’ and ¥'. Thus ¢’ and b’ are multiples of g, so we can find
a,b € Z such that a’ = ga and b = gb. Since g and V' are postive, b must
also be positive. By Theorem 14, r = a/b.

Are a and b relatively prime? Let d be the GCD of a¢ and b. We must
show d = 1. Since d | a we have dg | ag. In other words, dg | a’. Likewise,
dg | V. Thus dg is a common divisor of a’ and ¥/, but g is the greatest such
common divisor. So d = 1. Thus a and b are relatively prime. O

Theorem 22. If r € Q then there is a unique pair a,b of relatively prime

integers such that b > 0 and u

r=o.
Proof. The existence is established by the previous lemma. If » = 0, then
a =0 and b = 1 is the unique pair that works (if b > 0 and a = 0 then the
GCD of b and a is just b). So assume a # 0, and suppose ¢, d is another such
pair. Since a/b = ¢/d we get ad = be. Thus b | ad. Of course, a | ad. By a
theorem of Chapter 4, ab | ad since a and b are relatively prime. Thus b | d.
A similar argument shows that d | b. By a result of Chapter 4, [b] = |d|.

Since b and d are positive, b = d. This, in turn, implies that a = c. O
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If we do not insist on the relatively prime condition, we can always find
a common denominator for any two elements of Q:

Theorem 23. If u,v € Q then we can find integers a,b,d with d > 0 such
that

b

U= p and v = p

FExercise 14. Prove the above theorem.

Division is related to divisibility:
Theorem 24. Let a,b € Z with b# 0. Then a/b € Z if and only if b | a.

Proof. If a/b € Z then ab~! = ¢ for some ¢ € Z. Multiply both sides by b.
Thus a = be. In other words, b | a.
If b | a then a = be for some ¢ € Z. Multiply both sides by b~ 1. O

Remark 6. If a,b € Z are such that b | @ and b # 0, then a/b was defined in
Chapter 4 as the unique integer ¢ such that bc = a. By multiplying bc = a
by b~! we see that ¢ = ab~!. Thus the current (Chapter 6) definition of
division is equivalent to the definition of Chapter 4.

7. POSITIVE AND NEGATIVE RATIONAL NUMBERS

The set Q is not just a field, but is an ordered field. We will define the
notion of ordered field later, but a key part of the definition is the idea of
a positive subset. In this section we define the subset of positive rational
numbers.

Definition 8 (Positive and Negative). A number r € Q is said to be a
positive rational number if it can be written as a/b where a and b are positive
integers. An number r € Q is a said to be a negative rational number if —r
is positive.

Remark 7. We already know, from Chapter 3, what positive and nega-
tive integers are. The above extends the definitions to rational numbers.
Lemma 28 below shows that the new definitions truly extend the old defi-
nitions.

Theorem 25. The set of positive rational numbers is closed under addition
and multiplication: if u,v € Q are positive, then so are u+ v and uv.

FEzercise 15. Prove the above. Hint: write u = a/b and v = ¢/d where
a, b, c,d are positive integers. Use properties of positive integers from Ch. 3.

Theorem 26. Let a/b € Q where a,b € Z with b # 0. Then a/b is a positive
rational number if and only if either (i) both a and b are positive integers or
(ii) both a and b are negative integers.
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Proof. First suppose that a/b is a positive rational number. By Definition 8,
a/b = c/d for some positive integers ¢ and d. Thus ad = bc. Now we consider
cases. First suppose that b is a positive integer. Then bc is a positive integer
(Chapter 3). Thus ad is a positive integer. Since d is a positive integer, we
must also have that a is a positive integer.

In the second case, suppose that b is a negative integer. Then bc is a
negative integer (Chapter 3). Thus ad is a negative integer. Since d is a
positive integer, we must also have that a is a negative integer.

Now we prove the converse. If a and b are positive integers, the result
follows from Definition 8. If a and b are negative integers, then a/b =
(—a)/(—b) by Theorem 14. Now use Definition 8 with —a and —b. O

Theorem 27. Let a/b € Q where a,b € Z with b # 0. Then a/b is a
negative rational number if and only if either (i) a is a positive integer and
b is a negative integer, or (ii) a is a negative integer and b is a positive
integer.

Proof. First suppose that a/b is a negative rational number. By Definition 8,
—(a/b) is positive, but —(a/b) = (—a)/b by Exercise 11. So, by the previous
theorem, —a and b are either both positive or both negative. The result
follows from results of Chapter 3.

Conversely, suppose (i) or (ii) holds. This implies that —a and b are either
both positive or both negative. Thus, by definition, (—a)/b is positive. But
—(a/b) = (—a)/b by Exercise 11. So —(a/b) is a positive rational number.
Thus a/b is a negative rational number by Definition 8. ([

We now show that the definitions of positive and negative numbers really
do extend the definitions of positive and negative integer.

Lemma 28. Let a € Z. Then a/1 is a positive rational number if and only
if a is a positive integer. Likewise, a/1 is a negative rational number if and
only if a is a negative integer.

Proof. If a/1 is a positive rational number then, since 1 is a positive integer,
it follows that a is a positive integer (Theorem 26). Conversely, if a is a
positive integer, then a/1 is a positive rational number since 1 is a positive
integer (Theorem 26).

If a/1 is a negative rational number then, since 1 is a positive integer,
it follows that a is a negative integer (Theorem 27). Conversely, if a is a
negative integer, then a/1 is a negative rational number since 1 is a positive
integer (Theorem 27). O

Theorem 29 (Trichotomy version 1). If r € Q then exactly one of the
following occurs: (i) r =0, (ii) r is positive, (iii) r is negative.

Ezercise 16. Prove the above theorem. Hint: you can use Theorem 20 to
simplify your proof.
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8. ORDERED FIELDS

Definition 9. An ordered field F is a field with a designated subset P
such that (i) P is closed under addition and multiplication, and (ii) for any
element u € F' exactly one of the following occurs: ©u =0,u € P,—u € P.

Remark 8. When we say that P is closed under addition and multiplication,
we mean that if x,y € P then x +y and x - y are in P.

Definition 10. Let F' be an ordered field with designated subset P. The
elements in P are called the positive elements.

Here is the second important theorem in this chapter.
Theorem 30. The field Q is an ordered field.
Ezercise 17 (Easy). Prove the above theorem using earlier theorems.

Ezercise 18. Show that the field F5 cannot qualify as an ordered field. Hint:
try all possible subsets for P, and show that none work.

Remark 9. This extends: no F, can be an ordered field. In fact, ordered
fields must be infinite. Later we will study the complex numbers C which is
an example of an infinite field that is not an ordered field.

Definition 11. Let F' be an ordered field with designated subset P. As
in the case of F' = Q, if u € F is such that —u € P then w is said to be
negative. We often write the designated subset P as Fy.

For most of the rest of the chapter we will consider theorems about a
general ordered field F'. The only ordered field we have constructed so far
is Q, so you can think of F' as being something like Q. You can freely use all
the standard laws of algebra of QQ that are true in a general field. Later we
will construct the real numbers R, another ordered field, and everything we
prove about ordered fields will apply to R. There are other ordered fields in
mathematics, but we will not need to discuss them in this course.

As the name suggests, an ordered field is ordered: it has a natural order
relation on it. This order is defined as follows.

Definition 12. Let F' be an ordered field, and let x,y € F. If y — x is
positive then we write z < y. We also write y > x in this case.

Exercise 19. Show that y — x is negative if and only if y < z. Here x and y
are in an ordered field.

Exercise 20. Prove the two following theorems.

Theorem 31. Suppose u € F where I is an ordered field. Then u is positive
if and only if u > 0. Similarly, u is negative if and only if u < 0.

Theorem 32 (Transitivity). Suppose x,y,z € F where F is an ordered
field. If x <y and y < z then r < z.
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Theorem 33. Suppose xz,y,z € F where F is an ordered field. If x < y
then x + z <y + 2.

FEzercise 21. Prove the above theorem. Hint: simplify (y + 2) — (z + 2).
Theorem 34. Let x,y, 2,y € F. Ifx <y and 2’ <y thenxz+2' <y+v'.

Proof. By Theorem 33, transitivity, and the commutative law for fields, we
have
x+a <y+a <y’+y’.
O

Theorem 35 (Trichotomy version 2). Suppose x,y € F where F is an
ordered field. Then exactly one of the following occurs: (i) x =y, (ii) y < z,
or (iii) v < y.

Ezercise 22. Prove the above. Hint: Use the second part of the definition
of ordered field. (i) occurs if and only if x —y = 0, (ii) occurs if and only if
x — y is positive, and (iii) occurs if and only if —(x — y) is positive.

Theorem 36. Suppose x,y € F where F' is an ordered field. If x and y are
positive, then xy is positive. If x is positive, but y is negative, then xy is
negative. If x and y are negative, then xy is positive.

Proof. The first statement follows from the definition of ordered field: the
positive elements are closed under multiplication.

In the second statement, —y is positive by definition of negative. Thus
x(—y) is positive by closure. But z(—y) = —(zy) since F is a field (this is
true in any ring). Thus —(zy) is positive, so xy is negative.

In the third statement, —x and —y are positive. So (—z)(—y) is positive
by closure. But, since F' is a field,

(—2)(~y) = —(x(-y) = = (= (zy)) = 2.
Thus zy is positive. (I

Theorem 37. Suppose z,y,z € F where F is an ordered field. If v < y,
and if z is positive, then xz < yz. If x < y, and if z is negative, then
Tz > yYz.

Ezercise 23. Prove the above theorem. Hint: multiply y — « and z.

The follow statement is already known for /' = Q. The point of proving
it here is to show that it is true of any other possible ordered field F'.

Theorem 38. The element 1 € F is positive, and —1 is negative.

Proof. Since 0 # 1 in any field, we have that 1 is either positive or negative
(by definition of ordered field). Suppose 1 is negative. Then 1 -1 is positive
by Theorem 36. But 1-1 =1, so 1 is positive, a contradiction.

Since 1 is positive, —1 is negative by definition of negative. O
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Theorem 39. Suppose x is a positive element of an ordered field F'. Then
=1 is also positive. Suppose x is a negative element of F. Then x~! is also

negative.

Proof. Suppose z is positive. Observe that 2! cannot be 0: otherwise
1 = zz~! = 0 which is not allowed in a field. Observe that z~! cannot be
negative: otherwise zz~! = 1 must be negative (Theorem 36) contradict-
ing Theorem 38. Thus, by trichotomy, 2! is positive.

The proof of the second claim is similar. O

Theorem 40. Suppose x,y are positive elements of an ordered field F. If
r <y theny ' <z L

Proof. Multiply both sides of z < y by z~ty~ L. O

Now we consider the special case where F' = Q. Recall that Z is regarded
as a subset of Q. We have an order for Z from Chapter 3, and an order
for F' = QQ defined in the current section. We now show that the new order
extends the old order.

Lemma 41. The order relation < on Q extends the order relation < on Z.
In other words, if a,b € Z, then a < b (as defined in Chapter 3) if and only
a/l1 < b/1 (as defined in this section).

Proof. Suppose that a < b in the sense of Chapter 3. Then b—a is a positive
integer. Thus (b — a)/1 is positive (Lemma 28). Since

b/1-a/l1=0/1+(—a)/1=(b—a)/l,

we have that b/1 —a/1 is positive. Thus, by Definition 12, a/1 < b/1 in the
sense of the current section. The converse is similar. O

Theorem 42. Suppose a and b are integers, and d is a positive integer.
Then a/d > b/d if and only if a > b.

Proof. If a/d > b/d, then multiply both sides by d to show a > b. Con-
versely, suppose that a > b. Multiply both sides by d~!. Now d~! > 0 by
Theorem 39. Thus a/d > b/d. O
9. LESS THAN OR EQUAL
Let F be an ordered field.

Definition 13. If z,y € F then = < y means (z < y) V (x = y). We also
write y > x in this case.

Theorem 43. Let x,y € F. Then the negation of x < y isy < x. The
negation of y < x is x < y.

Proof. By trichotomy (Theorem 35),

ﬁ($<y) +— y<u.
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The contrapositive of the above gives
ﬁ(y < $) <~ <.
O

Theorem 44 (Mixed transitivity). Let x,y,z € F. If x <y andy < z then
x < z. Likewise, if x <y and y < z then x < z.

Proof. Suppose that x < y and y < z. By definition of y < z, we have either
y < z or y = z. In the first case, use transitivity of < (Theorem 32). In
the second case, use substitution. In either case z < z. This proves the first
statement. The proof of the second is similar. O

Theorem 45 (Transitivity). Let x,y,z € F. Ifx <y andy < z then x < z.

Proof. Suppose that < y and y < z. By definition of z < y, we have either
x < yorx=y. In the first case, use mixed transitivity (Theorem 44). In
the second case, use substitution. In either case x < z as desired. O

Theorem 46. Let x,y,z € F. Ifx <y thenx+ 2 < y+ 2.

Proof. By definition of x < y, we have either x < y or x = y. In the first
case, * + z < y + z by an earlier result (Theorem 33). In the second case,
T+ 2z =1y + z. In either case x 4+ z < y + z as desired. [l

Theorem 47. Let x,y,z € F where x <y. If 2 > 0 then xz < yz. If 2 <0
then yz < xz.

Proof. If z = 0 or x = y then 2z = yz, and both statements are true (both
xz < yz and yz < zz hold). So we can assume that z # 0 and x < y. Now
use Theorem 37. O

Theorem 48. Let x,y, 2,y € F. Ifx <y and 2’ <y thenxz+a2' <y+v'.

Proof. By Theorem 46, transitivity, and the commutative law for fields, we
have

x+x'§y+x’§y’+y'.

Here is an easy result that will be useful in Chapter 6.
Theorem 49. For all r € Q, then there is an n € Z such that r < n.

Proof. If r < 0 then let n = 0. So we can assume r is positive. By definition
there are positive a,b € Z with r = a/b. Since 1 < b we have a < ab. By
Theorem 39, b=! > 0. So ab~! < (ab)b~!. Thus a/b < a. Let n = a. O
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10. ABSOLUTE VALUE
Let I be an ordered field.

Definition 14. The absolute value |z| of z € F is defined as follows.

2] def T ifx>0
B —x fz<0

Theorem 50. If x € F then |z| > 0.

Proof. If x > 0 then |z| = z, so |z| > 0. If z < 0 then |z| = —z. Adding —=z
to both sides of x < 0 gives 0 < —z. Thus |z| = —x > 0 in this case. O

Remark 10. The above theorem shows that the absolute value defines a
function F' — F>( where F>q is the set {x € F'|x > 0}.

Informal Ezercise 24. Is the function F' — F>( defined by x +— |z| injective?
Is it surjective?

The following is an easy consequence of the definition.
Theorem 51. Let x € F. Then
|z] =0 <= 2 =0.
Theorem 52. Let x € F. Then
|| >0 <= = #0.
Proof. Use the contrapositive of the above, and the fact that |z| > 0. O
Theorem 53. Let x € F. Then |z| =| — z|.

Proof. We use trichotomy to divide the proof into three cases.
If x > 0 then |z| =z and | — x| = —(—z) = x (since —z < 0).
If =0 then |z| =2z =0and | — 2| = —z = 0 (since —z = 0).
If x <0 then |z| = —2z and | — 2| = —x (since —x > 0). O

Absolute value is compatible with multiplication.
Theorem 54. Let x,y € F. Then
zy| = 2| - lyl.

Proof. We divide the proof into cases using trichotomy.

If both = and y are positive then so is zy (Theorem 36). Thus |zy| = zy
and [z]ly] = oy.

If both z and y are negative, then xy is positive (Theorem 36). Thus
|xy| = zy and

j2|lyl = (—2)(=y) = —(2(-y)) = —(~(zy)) = zy.
If either z = 0 or y = 0 then |zy| = 0 and |x||y| = 0.
If x is positive and y is negative, then xy is negative (Theorem 36). Thus

lzy| = —zy and [z(|y| = z(-y) = —zy.
The case where x is negative and y is positive is similar. O
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Lemma 55. Ifz € F then z < |x| and —z < |x|.

Proof. We use trichotomy to divide into cases.
If z = 0 then |z| =0 and —x = 0. So obviously z < |z| and —z < |z|.
If x > 0 then z = |z|, so x < |z]. Also —z < 0 and 0 < |z|, so —x < |z|.
If z <0 then —x = |z|, so —x < |z|. Since z < 0 and 0 < |z| (Theo-
rem 50), we have z < |z|.

Theorem 56. Suppose x,y € F where y > 0. Then
(i) |x| <y if and only if —y < x <y,
(ii) |x| >y if and only if x >y or x < —y, and
(iii) |x| =y if and only if x =y or x = —y.

Proof. (ia) Suppose that |z| < y. Now x < |z| (by Lemma 55). So z < y by
transitivity (Theorem 44). Also —z < | — z| (Lemma 55) and | — x| = |z|
(Theorem 53), so —x < |z|. Thus —x < y by transitivity (Theorem 44).
Adding x — y to both sides gives —y < x (Theorem 33). We have both z < y
and —y < x,80 —y < x <y.

(ib) Suppose —y < z < y. If z > 0 then |z| = z, so |z| < y. Otherwise,
x < 0. Adding y — x to both sides of —y < z gives —z < y (see Theorem 33).
Since |z| = —z, we have |z| < y.

We leave the proofs of (ii) and (iii) to the reader. O

Ezercise 25. Prove (ii) and (iii) of the above theorem.

Corollary 57. Suppose x,y € F where y > 0. Then
(i) |z| <y if and only if —y <z <y,
(ii) |x| >y if and only if x >y or x < —y, and
The following is sometimes called the “triangle inequality” since the anal-

ogous vector version says that the third side of a triangle can be no larger
than the sum of the lengths of the other two sides.

Theorem 58. If z,y € F then
2+ y| < [z] + |y|.

Proof. We have z < |z| and y < |y| (Lemma 55). Thus z +y < |z| + |y|
(Theorem 48).

We have —x < |z| and —y < |y| (Lemma 55). Adding = — |z| to both
sides of —x < |z| gives —|z| < x (see Theorem 46). Likewise, —|y| < y. So
—(Jz| + |y|) <  +y (Theorem 48). Thus

—(lz] + |y) <z +y < |2 +yl.

By Corollary 57 (i),
|z +yl < |z + [yl
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11. DENSITY

In this section, we will show that any ordered field F, including Q, is
dense. In other words, for all z,y € F with x < y there is a z € F with
r < z < y. So you can always find new elements between two given elements.

The proof is simple: show that the average (z + y)/2 is between x and y.
One question: is 2 € F'?7 Of course, in the case of Q the answer is clearly yes:
Q contains Z. In general, it can be shown that Z can be embedding into any
ordered field. Instead of showing this now, we make an ad hoc definition of
the number two. This makes 2 a member of any ordered field.

Definition 15. Let 1 be the multiplicative identity of an ordered field F'.
Define 2 to be 1 4 1.

Remark 11. If we needed to, we could define 3 to be 14+ 14 1, and so on.
This works not just for ordered fields, but for any ring whatsoever. However,
in some rings, including the ring Zs, we would have 3 = 0.

Remark 12. Observe that 2 is positive in any ordered field F since 1 € F and
the set of positive elements is closed under addition. Thus, in an ordered
field, 27! exists and is positive.

Theorem 59. Let F' be an ordered field. Let x,y € F be such that x < y.
Then we can find an element z € F with x < z < y. In other words, F is
dense.

Proof. Let z = (z +y)/2.
Since x < y we have x+x < x+y. Now z4+x = 1-a+1-2 = (1+1)x = 2x.
So 2x < x +y. Since 2 is positive, 27! is positive. Thus x < (z + y)/2
Since x < y we have z+y < y+y. Nowy+y=1-y+1-y=(14+1)y =
So x +y < 2y. Since 2 is positive, 27! is positive. Thus (z +y)/2 < . D

12. APPENDIX: REMARKS AND CORRECTIONS

In a future draft of this appendix, I will include show how to embed
Q into any ordered field. Thus we can regard any ordered field F' as an
extension of Q. This shows that Z can be embedding into F' as mentioned
in Remark 11.



