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In class we proved the following handy fact:

Lemma. A positive integer n is a perfect square if and only if every prime in its prime
factorization occurs an even number of times.

Example. Observe that 144 = 2432 is a perfect square, but 72 = 2332 is not.

Most of what we have done in this class can be done purely in Z: fractions can be avoided
by using the cancellation laws and the Quotient-Remainder Theorem instead. The following
theorem (from Sept. 12) is an exception to our policy of staying in Z: we must start with
real and rational numbers and their properties. But we will immediately square and clear
denominators so we can go back to the world of Z. (Note: this result is an application of
number theory to real numbers. We will not need it to prove any results later in this course.)

Theorem. Suppose n ≥ 2 is an integer which is not a perfect square. Then
√

n is irrational.

Proof. (By contradiction) Suppose that
√

n is rational. We know that
√

n is positive, so√
n = a/b where a and b are positive integers. Squaring both sides gives us n = a2/b2 and

multiplying both sides by b2 gives us nb2 = a2.
By the above lemma, since n is not a perfect square, there must be a prime q that occurs

in the prime factorization of n an odd number of times. By the same lemma, the number of
times q occurs in the factorization of b2 is even (it could occur 0 times, but 0 counts as even
since 2 | 0). Thus the number of times q occurs in the factorization of nb2 is odd because an
odd number plus an even number is an odd number.

Similarly, the number of times q occurs in the factorization of a2 is even (it could occur 0
times, but 0 is even). Let N = nb2 = a2. There is one factorization where q occurs an odd
number of times (using nb2) and another factorization where q occurs an even number of times
(using a2). This contradicts the uniqueness of the prime factorization (The Fundamental
Theorem of Arithmetic). �

Here is a concise version of the proof:

Proof. Suppose
√

n is rational:
√

n = a/b for positive integers a, b. Then nb2 = a2. Let q
be a prime the occurs to odd power in the prime factorization of n. Then q occurs to odd
power in nb2 as well: contradicting the equation nb2 = a2. �

(One strategy for learning proofs is to learn concise versions, and test yourself to see if
you can justify each step.)

As an exercise, try to generalize this: show that n1/m is irrational if n is not a perfect mth
power.

Dr. Wayne Aitken, Cal. State, San Marcos, CA 92096, USA
E-mail address: waitken@csusm.edu

Date: Fall 2005. Version of October 1, 2005.
1


