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Many topological spaces, including metric spaces, are Hausdorff spaces. Such
spaces were named after Felix Hausdorff, a pioneer in set theory and general topol-
ogy. This is a review of some basic definitions and results related to such spaces.
This is the second in a series of topics in general topology, and it assumes some of
the material on topological spaces and continuity developed in the first document
in this series. Topics, such as metric spaces, compactness, and general products,
will be covered later in the series.

The documents in this series are intentionally concise and are most suitable
for a reader with at least a casual familiarity with topology who is ready to work
through a systematic development of some of the key ideas and results of the sub-
ject. This series is light on counter-examples and skips some less essential topics.
Can this series be used as a first introduction to general topology? I believe it can if
used in conjunction with a knowledgeable instructor or knowledgeable friend, or if
supplemented with other less concise sources that discuss additional examples and
motivations. This series is also designed to serve a reader who wishes to review the
subject, or as for a quick reference to the basics.

This is a rigorous account in the sense that it only relies on results that can
be fully proved by the reader without too much trouble given the outlines pro-
vided here. The reader is expected to be versed in basic logical and set-theoretic
techniques employed in the upper-division curriculum of a standard mathematics
major. But other than that, the subject is self-contained.1 I have attempted to give
full and clear statements of the definitions and results, with motivations provided
where possible, and give indications of any proof that is not straightforward. How-
ever, my philosophy is that, at this level of mathematics, straightforward proofs
are best worked out by the reader. So some of the proofs may be quite terse or
missing altogether. Whenever a proof is not given, this signals to the reader that
they should work out the proof, and that the proof is straightforward. Supplied
proofs are sometimes just sketches, but I have attempted to be detailed enough that
the prepared reader can supply the details without too much trouble. Even when
a proof is provided, I encourage the reader to attempt a proof first before looking
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1Set theoretic reason here is taken to include not just ideas related to intersections, unions,
and the empty set, but also complements, functions between arbitrary sets, images and preimages
of functions, Cartesian products, relations such as order relations and equivalence relations, well-
ordering and so on.
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at the provided proof. Often the reader’s proof will make more sense because it
reflects their own viewpoint, and may even be more elegant. There are several
examples included and most of these require the reader to work out various details,
so they provide additional exercise.

1 Basics

Definition 1. A topological space X is called a Hausdorff space if for each x, y ∈ X
with x 6= y there are disjoint open subsets A,B such that x ∈ A and y ∈ B.

Proposition 1. Every one-point subset of a Hausdorff space is closed. Every finite
subset of a Hausdorff space is closed.

Proposition 2. Let S be a subset of a Hausdorff space X. A point x ∈ X is a
limit point of S if and only if every open neighborhood of x has an infinite number
of points of S.

Proposition 3. Let X be totally ordered set considered as a topological space using
the order topology. Then X is a Hausdorff space. In particular, R with its order
topology is a Hausdorff space.

Proposition 4. A subspace of a Hausdorff space is Hausdorff.

Proposition 5. A finite Hausdorff space is discrete in the sense that every subset
is open and closed.

Proposition 6. The product of two Hausdorff spaces is Hausdorff.2

Remark. From this proposition we see that Rn is a Hausdorff space, as is any
subspace of Rn. Later we will see that any metric space is a Hausdorff space.

Example 1. In general, non-Hausdorff spaces are considered somewhat unnatural.
However, the Zariski topology of algebraic geometry is a natural setting for non-
Hausdorff topology.

Here is a simple example of a non-Hausdorff space: let X be an infinite set with
the finite complement topology (where a nonempty subset of X is open if and only
if it has a finite complement). Then X is not Hausdorff. Note that every one point
subset of X is closed, so X is an example of a T1 space (see below).

Proposition 7. A topological space X is Hausdorff if and only if the diagonal

∆ = {(x, x) | x ∈ X}

is closed in X ×X.

2 Extending Continuous Functions

If the codomain Y is Hausdorff, then a continuous function f : X → Y is determined
by its values on any dense subset of X.

2This generalizes to infinite products, which we will see in a follow-up document on arbitrary
products.
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Proposition 8. Let X be a topological space and let Y be a Hausdorff space.
Suppose A be a dense subset of X. In other words, suppose A = X. Given a
function f : A→ Y , there is at most one continuous function X → Y extending f .

Proof. Suppose g1 and g2 extend f , but there exists x ∈ X such that g1(x) 6= g2(x).
Consider disjoint neighborhoods U1 and U2 of the points g1(x) and g2(x). Note
that x is in the intersection of g−1

1 [U1] and g−1
2 [U2]. Consider a point of A in the

intersection of g−1
1 [U1] and g−1

2 [U2].

Corollary 9. Let X be a topological space and let Y be a Hausdorff space. Let A
be a subset of X. Given a function f : A → Y , there is at most one continuous
function A→ Y extending f .

3 T1-Spaces (optional)

The T1 axiom defines a weaker property than the Hausdorff axiom. This axiom
states that, given two distinct points x, y ∈ X, there is a neighborhood of x not
including y.

A T1-space is a topological space such that the T1 axiom holds. Some of the
results about Hausdorff spaces generalize or are similar to T1 spaces.

Proposition 10. Every one point subset of a T1-space is closed. Every finite subset
of a T1-space is closed.

Proposition 11. Let S be a subset of a T1-space X. A point x ∈ X is a limit point
of S if and only if every open neighborhood of x has an infinite number of points
of S.

Proposition 12. A subspace of a T1-space is a T1-space.

Proposition 13. A finite T1-space is discrete.

Proposition 14. The product of two T1-spaces is a T1-space.3

We can extend Proposition 10 and characterize T1 spaces in terms of closed one
point subsets.

Proposition 15. Let X be a topological space. Then X is a T1 space if and only
if every one point subset of X is closed.

4 Notes

There are five common “separation axioms” called T0, T1, T2, T3, and T4 (the T
comes from Trennungsaxiom the German word for “separation axiom”). The ax-
ioms go beyond the standard axioms of a topological space, and define special
classes of topological spaces. These axioms are in order of increase strength:

T4 =⇒ T3 =⇒ T2 =⇒ T1 =⇒ T0.

3This generalizes to infinite products as we will see.
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For example, the axiom T0 says that for distinct x, y ∈ X there is an open set
that contains exactly one of x and y, and clearly T1 (defined above) implies T0.
The axiom T2 is just the Hausdorff property. Additional separation axioms can be
found in the literature.

Nice spaces satisfy some or all of these axioms. For example, the space R satisfy
all these axioms. In fact, metric space satisfies all these axioms and the these axioms
are especially important in the theory of determining which topological spaces are
“metrizable”.

The axiom T0 was proposed by Kolmogoroff. The axiom T1 was due to either
Fréchet or Riesz. The axiom T2 is, of course, due to Hausdorff (1914 or earlier).
The notion of a “Trennungsaxiom” is due to Tieze in 1923 (and it was Tieze who
introduced axiom T4, and perhaps others). The notation Ti is sometimes attributed
to Alexandroff and Hopf (1935).
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