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Abstract

We presentan algorithm for comparing3D shapesby consideringtheir podketsin the complementargpace
Thepodetsof a closedcompactsurfacecan be representedy a 3D volumetricfunction.Multi-resolutiondual
contourtreesare constructedromthe podket functionsto ef ciently matd themin anaf ne-invariantway. DCTs
are simpli ed datastructuescomputedromcontourtrees(CT) of 3D functions.TheDCTscapture theimportant
featuresof thevolumetricfunctionsandare not sensitiveto noises Each nodeof a DCT correspondso aninterval
volumeand is tagged with geometrical,topolagical, and functional attributes. Similarities amongshapesare
compaed by matding nodesfrom multi-resolutionDCTsand calculatingthe scoe basedon the attributesof the
matdhednodes.This methods particularly usefulfor comparingcomplicatedmolecularshapesfor which other
propertiessud as electiostaticpotentialscan be addedas additional attributesto improve performance

Catagoriesand SubjectDescriptorgaccordingto ACM CCS) 1.5.3 [ComputingMethodologies]PatternRecogni-
tionUSimilarity MeasuresJ.3[ComputerApplications]:Life And Medical Sciences;

Keywords: shapematchingpocket function,dual contourtree,af ne-invariant,multi-resolution

1. Intr oduction

3D shapematchingis an importantproblemin the graph-
ics andotherareasFor example,a proteinstructuremaybe
representedhy the shapeof its molecularsurface.Effective
comparisonand classi cation of thesehighly complicated
3D molecularshapesrevery importantfor the understand-
ing of their structuraland functional properties.The struc-
tures of proteinsand other large moleculesare being de-
terminedat dramaticallyincreasingrate through structural
genomicand other efforts [BWF 00]. Becauseof the high
compleity of molecularshapestheircomparisorposesen
challenges.

Figure 1: Examplesurfacesandtheir podket ervelopes

In this paperwe introducea new algorithmfor compar
ing 3D shapedy consideringtheir poclketsin the comple-
mentaryspace Insteadof establishingcorrespondencbe-
tweenthe original shapeswhich canbe very dif cult for
complex shapedike molecularsurfaceswe try to matchthe
surfacepocketsandcomputethesimilarities.Pocletsarethe

main featureson surfacesandalsooften referredto as"de-

pressions'or "holes". Poclets are of particularimportance
to proteinsand othermacromoleculebecausédiochemical
reactionsoftentake placein the protectedyet accessiblee-

gions of poclets. Thereforeshapematchingusing pockets
maygive cluesto understandheproteinstructuregndfunc-
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The key idea of our approachis to representthe sur
facepoclets as a volumetric shapefunction and construct
a rotation-irvariantdatastructurecalled dual contourtrees
(DCT) to efciently comparehe pocket functions.

We apply a level set marchingmethodto computethe
pocket functions[ZB06], while othermethodsmay alsobe
justi ed. A propagtionfront marcheutfrom original sur
faceS ata constanspeedo a nal shellsurfaceT. During
the marchingthe topology of the front would changeand
the propa@tionis irreversible.T is choserto be a front far
enoughaway suchthatit hasthesimpletopologyasasphere
andits topologywould not be changedy further propag-
tion. The surfacepockets canbe extractedthrougha back-
wardpropagtionfrom T towardstheoriginal surfaceS. The
backwardmarchingfront F is notallowedto penetrat&Sand
stopswhenit reachesS. Pocletsarede ned asthe regions
boundedbetweennal backward marchingfront F andthe
original surfaceS. Ratherthanrepresentinghe poclets as
a set of surface ervelopes,one can computea volumetric
pocket function. Assumeds(x) is the signeddistancefunc-
tion (SDF) of the original surfaceS anddy (X) is thatof the
shell surface T describedabore, whereds(x) is positive if
X is outsideS but dt (x) is positive for x insideT. Thenthe
pocketfunction fp(x) is de ned as

fr(x) = min(ds(x); dr(x)  1); @)

wheret is the marchingdistancefrom Sto T. The pocket
function fp(x) > 0 only for pointsoutsideS andnot reach-
ableby backwardpropagtionfrom T, i.e. pointsin poclets.
The boundingervelopesof poclets are then computedas
thelevel setfp(x) = e, wheree > 0 is a small constanfor
numericalstability. Figure 2 (a) shovs a 2D colormapped
pocket function andcorrespondingocketsandin Figure 2
(b) we superimposehe pockets (yellow curves) onto the
original surface (white curves) [ZB06], which comefrom
a slice of the molecularsurfaceof the "Bacteriochlorophll
ContainingProtein". The resultmatchessery well with our
intuition aboutpocketsandholes.

(b)

Figure 2: A 2D exampleof podket function and extracted
podkets: (a) the podket function is displayedas a color-
mappedmage; (b) thecolor-mapshowshe SDFof theorig-
inal surface(whitecurves).

A standardnethodfor comparingvolumetricfunctionsis

to computetheir inner product. The L2 norm is commonly
usedto computethe inner productof two functions f and
g. Similarity metricsare thende ned basedon the de ni-

tion of norms.The mostpopularmetricsareHodgkinindex

Si(f;0) = 7kf|?2figkigkz andCarboindex &(f;g) = 7‘(?&;%'(.

The inner product method is clearly not rotational-
invariant. 3D volumetric functions f andg canbe aligned
relative to eachotherwith six-dimensionafreedomof ro-
tationsandtranslationsThe inner producthf; gi shouldbe
computedfor the bestalignment.However, it is not trivial
to geometricallyalign large moleculeg BWO03]. The align-
mentsare often donemanually otherwiseonehasto search
the six-dimensionrotationalandtranslationalkpaceto nd
the bestalignment.Such searchis expensve and usually
doesnotguaranteg@o nd thebestalignment.

In this paper we constructan af ne-invariant structure,
calleddualcontourtree(DCT), to representhe pocketfunc-
tion. DCTs are simpli ed data structurescomputedfrom
contourtrees(CT) [KOB 97] of 3D functions.The DCTs
capturethe importantfeaturesof the volumetric functions
and are not sensitve to noises.Eachnodeof a DCT cor
respondgo anintenal volumeandis taggedwith geometri-
cal,topological,andfunctionalattributes.onecanef ciently
compare3D shapesby matching multi-resolution hierar
chiesof DCTs.Themajorstepsof thecomplementarghape
comparisoralgorithmare:

1. Computeapocletfunctionto representhe mainfeatures
of 3D shape$ZB06].

2. Computea contourtree (CT) for the volumetric poclket
function[CSA03.

3. Constructthe nest-level dual contourtree (DCT) from
theCT in thepreviousstep.

4. Computethe geometricaltopological,andfunctionalat-
tributesfor thenodesin the DCT.

5. Build a multi-resolutionhierarcly of the attributed dual
contourtree (MACT) by meging adjacenfunctionalin-
tenals.

6. Matchtwo MACTsandcomputetheir similarity score.

The remainderof the paperis organizedasfollows. Sec-
tion 2 givesan overview of existing shapematchingalgo-
rithms andintroducessomerelevantbackgroundSection3
describeghe methodsof constructingthe DCT, computing
its nodal attributes,and building the multi-resolutionhier
archy. Section4 presentghe stepsto matchtwo MACTs
and compute the similarity scores.Section 5 then dis-
cussesheimplementatiorandsomeempiricalresultsof our
method.\V¥¢ concludein section6.

2. RelatedWork and Background

Shapematchingis traditionally doneby nding correspon-
denceshetweerthe comparedshapesAs discussecarlier
spatial alignmentcan be very expensve. A commonap-
proachis to segmentthe shapesnto basicpartsandmatch
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thosepartsandtheir spatialrelationship§ DGG03 BCGJ98
BMP02 BM92, KPNKO3]. This schememay be appliedto
matchcomplementanspacefeatureslike pockets and use
thespatialrelationship®f matchedocketsto aligntheorig-
inal shapes.

Anotherapproachis to computesome x ed length vec-
tors as the shapedescriptos or signatues for 3D shapes
andcomputethe similarity metricsof shapesusingthe dis-
tance betweenthe shapedescriptors.Various descriptors
have beenusedfor shapematching,suchas cunaturedis-
tributions [ACH 91, SKG97, shapedistributions and his-
tograms[OFCDO01 ATRB95 KFR04], and coefcients of
functional expansiond ASBH90, KFR0OJ etc. The descrip-
tors can be pre-computedand are almostalways rotation-
invariant. The shapedescriptorshave beenappliedto re-
trieve similar shapedrom a 3D shapedatabas¢FKMS05.
As far as we know, no descriptorhasbeendevelopedfor
complementaryspacefeaturedlik e pockets,andthe shaper
descriptorhave not yet beenappliedto complex 3D shapes
like molecularsurfaces.

If we representhe shapewith a continuousvolumetric
function f, e.g.thepocketfunction,de ned ona 3D domain
M, f:M ! R. Theoriginal surfaceS is often a special
level setof f. Thefunctionalrange of f is the interval be-
tweenthe minimumandmaximumvaluesof f: [fmin; fmax-
Signaturesanbe computedor volumetricshapeunctions
as well. One example is the contour spectrum[BPS97,
whichis asetof histogramdgor thelevel setsof thefunction,
suchastheir areasand the volumesenclosedby the level
sets.Although the contour spectrumis certainly rotation-
invariant, it haslimited successn comparingvolumetric
shapefunctions.

While aisovaluew scansnonotonicallythroughthefunc-
tional range|[ fmin; fmay of f, the evolution of the homol-
ogy classesof the level setL(w) is studiedin Morse the-
ory [Mil63]. Thecritical pointsof f arethe positionswhere
the gradientvanishesj.e. Nf = 0, andthey areassumedo
be non-dgeneraten Morsetheory The topology of L(w)
change®nly atthecritical pointsof f, andthe correspond-
ing functionalvaluesarecalledcritical values.

Another approachof comparingthe volumetric shape
functionsis to usesomeaf ne-invarianttopologicalstruc-
tures suchasMorsecomplexes[EHNPO03 andcontourtrees
(CT) [KOB 97]. Similar surfacetopologicalstructuresuch
as Multi-resolution Reeb Graphs(MRG) are de ned and
usedfor shapamatchingl HSKK01]. Both Morsecompleces
andcontourtreesarerelatedto thecritical pointsof thevol-
umetricfunction f. A complex shapefunctionusuallyhasa
largenumberof critical points,mary of whicharecausedy
small noises.Becausenf the complexity of the shapefunc-
tion, it is dif cult to directly computethe Morse comple
andevenharderto establistcorrespondencesetweerthem.

A contourtree (CT) [KOB 97] capturesthe topologi-
cal changef the level setsfor the entire functionalrange
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[fmin; fmax of f. Eachnodeof the CT correspondso a crit-
ical point andeacharc connectingwo critical pointscorre-
sponddgo asetof continuouscontoursof thesametopology
A cutonaCT arc(vy; Vo) attheisovaluew (f(v1) w
f(v2)) correspondso a connecteccomponenicontour)of
thelevel setL(w). Sothe numberof connectedcomponents
for the level setL(w) is equalto the numberof cutsto the
CT atthevaluew .

Althoughthe CT is af ne-invariant,it is very dif cult to
determinecorrespondencdsetweertwo CTsdueto thevast
numberof nodescorrespondingo the critical pointsof f.
An exampleof CT is shown in Figure4 (f).

Carretal. [CSA0J presentanefcient two-passscheme
to computea CT in O(m+ nlogn) time,wheremis thenum-
berof simplicesandn is the numberof verticesin themesh
M . The CT can be enhancedy taggingarcswith topo-
logical informationsuchasthe Betti numbersof the corre-
spondingcontourclasseg§PCMO02. In the next section,we
describethe algorithm of constructingthe DCT and nodal
attributesto comparevolumetricshapefunctions, basedon
enhanceTscomputedwith thoseCT algorithms.

3. DCT Algorithm

In orderto comparevolumetric shapefunctions,we intro-
ducedualcontourtreeg(DCTs)asasimpli ed structurecon-
structedrom CTs.

3.1. Dual Contour Tree

G (b) (©)

Figure 3: A simple2D examplefunction, its contourtree
anddual contourtree (a) Thefunctionvaluesare labeledon
verticesandvaluesin a simplex are linear interpolationsof
vertex values.(b) TheCT of thefunction.Critical pointsare
colored differently: minimain red, saddlepointsin green,
and maximain blue Two interval volumeswithin the func-
tional interval [2; 5] are highlightedin yellow (c) Thethree-
range DCT constructedy thecutsatwy = 2 andw, = 5.

We illustratethe ideaof constructinga DCT usinga sim-
ple 2D examplein Figure3. Figure3 (a) shavs afunction f
de ned on a 2D meshM whoseverticesare labeledwith
functionvaluesandFigure3 (b) shavsthecontourtreeof f.
Thecontourtreeis cutattwo isovaluesw; = 2 andw, = 5,
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andthetwo cutscorrespondo two level setsshavnin Figure
3 (a)- Thelevel setL(wy = 5) hasthreeconnecteccompo-
nents(coloredin magentapndL(w; = 2) hasasinglecon-
tour (coloredin green).Therearetwo interval volumesbe-
tweenthe cutw; andw,. An interval volumeis a connected
region of the domainM , in which the function value of f
lies betweentwo speci ¢ isovalues.The interval volumes
are highlightedin Figure 3, and clearly they are bounded
by contoursat isovaluesw; andw,. Eachinterval volume
correspondso a setof connectedCT arc sggmentsbetween
thecutsatw; andw,, ashighlightedin Figure3 (b).

Eachinterval volumebecomes nodein thedual contour
tree (DCT) andtwo DCT nodesare connectedoy an edge
if the correspondindnterval volumesareadjacent(sharing
thesamecontourat their boundaries)The DCT constructed
from the CT andthe two cutsin Figure3 (b) areillustrated
in 3 (c). The stepsto constructa DCT from a givenCT are
describedelaw:

1. Divide thefunctionalrange[ fmin; fmax Of thefunction f
into N intervals, which cut the CT arcsinto segmentsin
N rangesWithoutlossof generalitywe canassumehat
CT arcsarenot cut at critical values.

2. Foreachrangei (1 i N), weuseaUnion-Finddata
structureto assignall cut CT arc sgmentsin the range
into disjoinedsets.Eachsetof connectedarc sggments
becomes DCT nodeatleveli.

3. If aDCT noden at level i anda DCT nodem at level
i 1 containsegmentsirom asharedCT arc, their corre-
spondingntenval volumesareadjacentAn edgeis insert
betweem andm. Clearlyedgesonly exist betweerDCT
nodesin adjacentanges.

The DCT provides a simpler representatiorf the orig-
inal functionthanthe CT by eliminatingsmall undulations
in afunctionalrangewhile preservingotentially-signi cant
featuredik e high moundsanddeeppockets. The comple-
ity of the DCT canbe controlledby selectingthe number
of rangesN. The structureof the DCT corvergesto the CT
asthennumberof rangesncreasesndthe sizeof rangegle-
creases.

We often wantto focus on comparingparticularregions
of the volumetric shapefunctions. For instance,we are
only interestedn the poclet regionsof the poclket function
fp(X), i.e. the functionalrangefp(x) > 0. This canbe eas-
ily achieved by restrictingthe total functionalrangeof the
DCTtoasubranggfi; f2]  [fmin; fmax. In ouralgorithmof
complementarghapecomparisowith pocketfunctions,we
choosethe DCT functionalrangeas[e; max fp(x))], where
e 0 is a constant.The stepsto constructa DCT for a
subrangd fy; f] is almostthe same We simply ignoreCT
arc sggmentsoutsidethe subrangd f1; fo]. However, notice
that the DCT is no longer necessarilya single tree but a
graphof multiple treesbecausehe 3D volume satisfying
f(x) 2 [f1; f2] arenotalwaysconnected.

3.2. NodeAittrib utes

In orderto quantitatvely measurehe similaritiesof DCTs,
we de ne attributes basedon the volumetric shapefunc-
tion andadditionalpropertiese.g. electrostatigpotentialof
moleculesA DCT nodem correspond$o aconnectednter
valvolumeVy,, M .We rst look atsomegeometricabnd
topologicalattributesrelatedto the shapeof Viy:

vol(m): Thevolumeof theinterval volumeVy,. If compar
isonis desiredfor shapef differentscalespormalized
volume may be usedinstead,by assuminghe total vol-
umeof the shapefunction domainis one.MatchedDCT
nodesshouldhave similar volumes.

arega(m): Theareaof the surfacesboundingvp. It maybe
alsonormalizedfor cross-scaleomparisons.

I(m) = (l1;12;13): The principal valuesof the momentof
inertigfor Vm. Themomentof inezrtiatensoris de nedas

= 6 xx x§)dx= y xiXjd3%  V(m)xS;

wherex. = x{;%5;x§ is the centerof massfor V. The
principal axes of ljj are calculatedandthe diagonalval-
uesof | alongthe principal axesarerecordedasa triplet
I(m) = (I1;12;13), wherely 1o 3. I(m) providesin-
formationaboutthe overall shapeof V.

B(m) = fBj(m); Bu(m)g: The Betti numberattribute rep-
resentinghetopologiesof the lower andupperbounding
surfacesfor V. B;(m) andBy(m) aretriplets containing
thethreepossiblynon-zeroBetti numberg bg; by ; by) for
3D surfaces.If a boundingsurface consistsof multiple
contoursijts Betti triplet is the sumof thoseof individual
contours.

Other geometricaland topological attributes may also be
addedto the DCT node.Actually all the shapedescriptors
[ACH 91, SKG97, OFCDO01, ATRB95 KFR04, ASBH90,
KFRO3 canbe potentiallytreatedas nodeattributes.Com-
paredto one shapedescriptorfor a entire shape the added
level of DCT structureof the volumetric shapefunction
would make the comparisormoreaccurate.

Anotheradwantageof our methodis to incorporateaddi-
tional propertiesnto comparisonParticularlyfor comparing
molecularshapesadditionalpropertiessuchaselectrostatic
potential electrondensity andsolventaccessibilityarevery
importantfor nding structurally and functionally similar
bio-moleculesNot accidentallythosepropertiesn poclkets
aremostimportantbecausdiochemicakleactionftentake
placein the protectedyet accessibleegionsof poclets.

We considerelectrostatigpotentialas an example prop-
erty, which is anothervolumetric function de ned on the
samedomain.Here we calculatethe multi-pole expansion
of the propertyfunctiondistributedover theinterval volume
V. Following descriptorsnaybeaddedo theDCT nodeas
functionalattributes:

P(m): Theintegral of thepotentialp overtheinteral vol-
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umeVpy, P(m) = Rvm pd3x is the rst termof themultipole
expansion.

D(m): The dipolﬁmomentof the potential p over Vpy, is
avectord(m) = , p (x *€)dx. We usethe magnitude

of D(m) andits anglerelative to the main principle axis
of Vim asnodeattributes.
Q(m) = (Q1; Q2; Q3): Thequadropolenomentof thepo-
tential p overVy, is atensorde ned as
z
Qij(m)

Vmp X)X x§ d3x

Z
WP xixjd*  xDj(m)  xDi(m);

where Dj(m) is the ith componentof the dipole mo-
ment. We again choosethe principal valuesof Qjj(m),
Q1 Q2 Q3,asattributesof aDCT node.

Theattributesof theDCT nodem canbethensummarized
into avectorm asfollowing:

= fvol(m);area(m); 1 (m); B(m); P(m); D(m); Q(m)g:

3.3. Multi-r esolutionHierar chy

In order to facilitate the comparisonof attributed DCTS,
they can be further organized in a hierarchical multi-
resolutionform. This Multi-resolution Attributed Contour
Tree (MACT) is constructedrom a ne DCT by meging
its adjacenfunctionalintervalsrecursvely.

Withoutlossof generalitywe assume nest DCT D has
N = 2K functionalintervals. TheDCT atthenext coarseres-
olution would have N=2 intervals, eachof which is meiged
from two intenvals of the ner DCT. A setS of connected
DCT nodesin the two combinedintenals are megedinto
a singlenoden in the coarserDCT. This can be achieved
again by usinga Union-Find datastructure.The noden is
calledtheparentof nodesn thesetS, whicharethechildren
of n. The memging processanberecursvely appliedto the
coarseDCTs until thereis only a singleintenal spanning
theentirefunctionalrangeunderconsiderationlf we call the
nest DCT Dy andthenext coarseoneDy ; etc,thenweget

Figure4 (c) and(d) shav the DCTs at two differentlevels
of thehierarcly. Thecompl«ity of theDCTsatcoarsetev-
elsis signi cantly reducedandthe hierarcly makesit much
easierto nd correspondencdsetweenDCT nodesof two
shape€functions.

As mentionedearlie; a DCT of a restrictedsubrange
[f1; f2] may be a graphconsistingof multiple treesin the
nest level. In the coarsestievel DCT Dg, eachindivid-
ual treeis memgedin to a single node.Numerousnodesin
thecoarsesDCT Dy may complicatethe matchingprocess.
However, mostof thosenodesarevery smallin sizeandcan
often be prunedasnoiseif their volumesare undercertain
threshold.Pruning a lower resolutionDCT node shall re-
move all its child nodesrom ner DCTsaswell. In Figure4
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(d) for the poclket functionof theunbinding"Staplylococcal
Nuclease'(PDB codelKAA), only four nodesareleft in Do
after pruning,wheresizethresholdis setas 1% of the total
pocketvolume.

The attributesof a nodein the coarsetevel of the hierar
chy is evaluatedrecursvely from thoseof its children.Most
attributesdiscussedn section3.2 areadditive. For example,

thevolumeattribute vol(m) is just the sumof volumesof its
children:

I
V(m) = 4 V(m):
i=1

The Betti numbersattributesof the nest DCT canbe com-
putedfrom anaugmentedCT [PCM03. Considerameged
DCT nodem from its childrenin two intervals of the ner
DCT. Thelower boundingsurfaceof mis the union of the
lower boundarie®f its childrenin thelowerintenal. There-
fore Bj(m) is the sum of B;(m)'s of those children, and
Bu(m) canbe computedsimilarly.

As for the functionalattributesfrom the additionalprop-
erty functions,the valuesfor the nodem canbe calculated
from thoseof its children as well. For example, P(m) =
a!_, P(m). Similar but more involved equationsexist for
D(m) andQ(m). Next we describethe matchingalgorithm
basedn the multi-resolutionhierarcly of DCTSs.

4. Matching Algorithm
4.1. Similarity Metrics

First we look at the similarity metric betweentwo DCT
nodesif the correspondences establishedThe similarity
hm; ni betweertwo nodesm andn is de ned basedon their
attribute vectors andfi asa weightedaverageof the simi-
larity metricsof individual attributes:

mni = 3w hey (m)ay(n)i; 2

where hgj(m)a;(n)i) is the similarity metric of the ith at-
tribute in the vector m and fi and the weights satisfying
0 w landaw = 1 controltherelative importanceof
differentattributesin the comparisonThe similarity metric
of individual attributesis de ned as follows suchthat the
exactly sameattributesachieze the maximumvalue= 1.

jvol(m)  vol(n)j
maxvol(m); vol(n))
1 & min(bi(m); bi(n))

3%, max(bi(m); bi(n)

maxj=1;2:3( 1j(m) 1j(n) )

max(11(m); 11(n))

hvol(m); vol(n)i

hB(m); B(n)i

h(m); 1(n)i
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o jP(m)  P(n)j

hP(m); P(n)i = max(jP(m)j;jP(n)j)
o jD(m)j  jD(n)j

hD(m); D(n)i = max(jD(m)j;D(n)j)

oo = 1 M2s QM Q)

max(jQu(m)j ;jQu(n)j)
Thesimilarity scoreof functionalattributesmaybenegative,
e.g.hP(m); P(n)i < 0if P(m) andP(n) have oppositesigns
andsois hQ(m); Q(n)i. This featuregivespenaltyto molec-
ular pocketswith similar shapebut differentfunctionalprop-
erties.The maximumsimilarity scorebetweerntwo nodesis
clearlyl, achizedwhenthey have exactlythesameattribute
vectors.

mni  mmi=mni=1

If thecorrespondencésetweemodesn two DCTsD andD®
have beenestablishedthesimilarity scorebetweerD andD°
is computedrom the scoresof matchechodepairs:

ai(vol(my) + vol(n)) hmy;nii |
&;vol(m) + vol(n;)

hD;DY = 3)
wherethe similarity scorehmy; nji of a matchednode pair
m 2 D andn; 2 D% is weightedby the averageof their
normalizedvolumes.Thereforebiggerweightsaregivento
largerintenval volumesandthe similarity scorehD; DY 1.

For a multi-resolution hierarcly of dual contour trees

atlevel i is matchedo the DCT D at the samelevel of the
otherMACT M® The correspondencearefoundin a order
from coarseDCTsto ner DCTsasdescribedn sectiord.2
The similarity scorehv; MY betweerMACTsM andMPis
evaluatedasthe averageof the scoresof DCTsfrom level 0
tok:
Hw-m%iékm-m- @)
' k+ 1.2, b
Thesimilarity scorehM; M4, clearlysatisfyinghM; M3 1,
is the measureof the similarity betweentwo volumetric
shapeunctions,particularlythe pocket functionsin this pa-
per

4.2. Matching Algorithm

The volumetric shapefunctionsare comparecdby matching
their MACTs. The matchingprocesds performedfrom the
coarsesto the nest level of the hierarchieswherewe as-
sumethatthe MACTs M andM® have the samenumberof
levels. Thematchingalgorithmattemptgo nd themaximal
setof matchedMACT nodepairs betweentwo MACTs M
andM® The DCT nodesm2 M andn 2 M of a matched
pair mustsatisfyfollowing conditions:

Thenodesm andn do notbelongto ary otherpairs.
m andn mustbelongto the DCTsatthe samelevel of the

hierarchiesj.e.m2 Dj H andn2 D? HS whereD;
andD?have the samenumberof functionalintenals.

m andn mustbelongto the samefunctionalintenal of D;
andD?.

The parentp(m) of m and p(n) of n arealsoa matched
pair (p(m); p(n)) in thecoarsetevel DCTs.Theonly ex-
ceptionis Dy, whosenodeshave no parents.

We usea greedyalgorithmto nd the pairs of matched
nodes startingfrom level 0 of the hierarchiesThe stepsto
matchtheDCTD; M andD? MPatleveli (i = 0;:::;Kk)
areasfollows,

1. Add all nodesof the DCT D; into a priority queueQ,
ranked by theirvolumes.

2. Remawe the nodem with the highestpriority from Q.
Searchor thebestmatchingnoden from possiblecandi-
datesin the otherDCT DY, constrainedy the conditions
mentionedabore. Thebestmatchshouldhave thehighest
scorehm; ni weightedby their averagevolumes.

3. If anoden is found,the pair (m; n) is addedto the setof
matchedpairsat resolutionlevel i andn is alsoremoved
from future consideration.

4. Repeastep2 and3 until thequeueQ is emptyor nomore
candidatesvailablein DY

5. Calculatethe similarity scorerDiDiq by usingthe pairs
of matchedhodesin leveli.

6. Repeathe stepsl to 5 from level i = 0 to k. Calculate
the nal scorehM; MY asthesimilarity measuréetween
two shapes.

Next we look at the time compleity of the complemen-
tary shapecomparisoralgorithm. The time canbe divided
into thatof aoff-line proces®f constructinghepocketfunc-
tion and its multi-resolutionDCTs and that of an on-line
matchingprocess.

We herefocus on the off-line time compleity of con-
structingthe DCT andits hierarcly. In the worst case the
compleity is O((logn+ m) D), wherem is numbersim-
plicesandn is thenumberof verticesin thefunctiondomain
M andD is thenumberof nodesn the nest DCT. D canbe
controlledby the numberof functionalintervals andis usu-
ally muchsmallerthann andm. In our experimentsmost
DCT constructiortime is spenton computingvariousnode
attributesof the nest DCT. The DCTs canthenbe stored
with theshapedunctionsfor futurecomparisonsPleaseaefer
to citedliteraturedor thetime compleity of pocketfunction
andCT generation.

The time compleity of the on-line matchingalgorithm
is O(D1 D») in the worst case,whereD; and D>, arethe
numberof nodesin the nest DCTSs. This stepusually is
very fastin our experimentsandtakesonly seconddecause
D1 and D, are muchsmallerthanthe original datasize. If
time s critical in shapecomparisona early terminationap-
proachcanbe adoptedto stopthe matchingprocessaftera
few coarsettevel DCTsarecomparedandthetime limit has
beenreached.
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Figure 4: Shapecomparisorof theprotein"StaphylococcaNuclease'ln thebinding (PDB code:1ATT, (e) left) andunbinding

(PDB code:1KAA, (e)right) state

5. Implementation and Results

We implemented the complementary shape matching
methodin C++. The codeis portableacrossplatforms.The
effectivenesof theDCT matchingalgorithmdepend®nthe
selectiona goodshapefunction. The poclet functionin the
complementargpaceappearso have the potentialof being
agoodshapeunction,especiallyfor molecularshapes.

We rst test our implementationon a subsetof pro-
tein structuresdownloadedfrom the Protein Data Bank
(PDB). The molecularsurfacesof the proteinsare com-
putedas a level setof a syntheticelectrondensity scalar
functionin spaceR3 [BIi82]. Figure4 shaws the resultsof
comparingtwo protein shapes:'Staptylococcal Nuclease"
(PDB codel1A2T) is a proteinfor nucleicacid binding and
binds two ligands "S-(Thioettylhydroxy)Cystine"(CME)
and "Thymidine-3',5'-Diphosphate"(THP). The protein
1A2T andoneof its boundligand (THP) aredrawn in Fig-
ure 4 (a) while the otherligandis on the backside.Due to
the boundligands,the shapeof "StaplylococcalNuclease"
(1A2T), especiallythepocletregions,haschangedrom that
of its unboundsibling (PDB code1KAA). We computethe
poclet functionof 1A2T and1KAA andcomparehemus-
ing themulti-resolutionDCT algorithmdescribedn this pa-
per. Figure4 (b) usesvolumerenderingo displaythe pocket
functionof 1ATT overits molecularsurface.Thecorrespon-
dencedetweerthe poclet regionsof 1ATT and1KAA are
easilyestablishedby usingthe multi-resolutionDCT hierar
chy, asillustratedin Figure4 (e). Thecomplementarghape
matchingmalesthe evident structuraldifferencesbetween
two proteins,which arenot obvious by looking at the orig-
inal shapedirectly. The CT of the 1ATT pocket function
is shavn in Figure4 (f), which is too comple to be com-
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paredto eachother Two lowerresolutionDCTs of the pro-
tein 1KAA areshawn in Figure(c) (four intenvals) and (d)
(oneinterval).

We alsotestrobustnessof our algorithm by modulating
the original shapeswith small randomnoises.Suchnoises
may signi cantly increasethe numberof critical pointsin
thepoclet functions,sometimedy morethantwentytimes.
However, suchnoisesare effectively removed from DCTs
andthe modulatedshapesare almostperfectly matchedto
original ones.

6. Conclusions

In this paperwe presenteda novel algorithm for shape
matchingby using surface poclkets in the complementary
spaceasavolumetricshapegunctionandcomputeanaf ne-
invariant multi-resolution dual contour tree to compare
shapefunctionswith properties.The DCT algorithm seg-
mentsthe 3D shapefunctioninto smallerfeatureelements,
i.e.the DCT nodes.Thosefeatureelementssombinedwith
geometricalandtopologicalattributesand additionalprop-
ertiessuchaselectrostatigpotentials,are shovn to be very
effective for comparingcomplex structuredike molecular
surfaceslt canalsobeappliedto general3D shapes.

Furtherimprovementsof the methodmay includeadding
moreshapedescriptordo the DCT nodes.e.g.the onesde-
scribedin the cited literatures.Another future work is to
build a shapedatabasef pocket functionsandcorrespond-
ing multi-resolutionattributed dual contourtrees(MACT)
for all known proteinstructuresn PDB, in orderto facilitate
the studyof proteinstructuresandfunctions.
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