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ABSTRACT

We present an algorithm of matching 3D shapes in an af ne-
invariant way using multi-resolution dual contour treebamced

by geometrical, topological, and functional propertiesuaDcon-
tour trees (DCT) are simpli ed structures generated fromtoar
trees of volumetric functions. Each node of a DCT correspdod

a set of connected arc segments of the original contouririeieh

new challenges. Molecular surfaces are often modeled aswsn
of some scalar function$, e.g. electron density eld or solvent
accessibility inR3 [10, 31]. We call such a function as a molecu-
lar structural function. The electron density is often coeg as
the sum of the contributions from individual atoms. For digity,
the contribution of an individual atom is usually approxtedhby a
Gaussian function or spline function [21].

Important properties of biomolecules are often quantitdyi

is a connected sub-volume bounded by contours. DCT nodes arecalculated as volumetric functions. The two most commorsigdu

enhanced with geometrical, topological, and functiongitattes.
Similarities among 3D molecular shapes are computed bylmatc
ing nodes from multi-resolution DCT's and their attributeBhis
algorithm shows good performance in clustering proteims dif-
ferent families compared to standard inner-product method

Keywords: multi-resolution, dual contour tree, volumetric func-
tion matching

1 INTRODUCTION

The structures of proteins and other large molecules anegbei
determined at dramatically increasing rate through sirattge-
nomic and other efforts. Effective comparison and classian

of these biomolecules are very important for the understanadf
their structural and functional properties. For examplaagor re-
source is the Protein Data Bank (PDB) [8]. There are now more
than twenty thousand entries in the PDB and new proteintstres

are being added daily.

Traditional protein comparison methods are usually basdti®
similarity of sequences [17] or the three-dimensionalcttmes of
biomolecular chains [11]. While such methods have provebeto
very useful techniques for comparing protein structuresy fack
a description of the chemical heterogeneity that gives &rt)pa
particular protein structure its unique molecular funatio

A closely related problem is shape matching of object&

A common approach for shape matching is to segment the shape

into basic features and match those basic features andgir
tial relationships [6, 7,9, 16, 27]. Another approach is émpute
geometrical signatures of a surface and compare them vétkiti
natures of the other surface. Various signatures have lsshfar
shape matching, such as curvature distribution [2, 37helolistri-
bution [3, 33, 35], and coef cients of functional expansidi, 26].
However, most shape matching methods are applied only & rel
tively simple objects.

Because of the high complexity of molecular shapes, as evi-
denced by the example in Figure 1 (b), their comparsion p@sg/m
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functions are the distribution of electron density and etestatic
potential although other properties have also been usdd [2i3
shown that the electrostatic properties are conserveddeips in
the same families and superfamilies [29].

In order to avoid modeling the complex structures of molecu-
lar surfaces, we choose to match the volumetric functioand
enhance the comparison with the properties of biomoleceles
electrostatic potential.

A standard method for comparing volumetric functions is to
compute their inner product. Since the functions related to
biomolecules are square-integrable, tReorm is commonly used.
The inner product of two functionsandg and the length of a func-
tion f in theL2 norm are de ned as:

Z
hf;gi = Vf(x) g(x)dx

kfk = hf: fi1%2

Based on the de nition of norms, similarity metrics are tre
ned for molecular functions such as electron density aretb-
static potential. The most popular metrics are Hodgkin xnjcd]
S4(f;g) and Carbo index [12%(f;g):

N hf;gi
S—I(f,g)— kfk2+kgk2
. ._ hf;gi
Sc(f.g)—m

The inner product method usually produces good matching re-
sults if molecules are initially aligned appropriately. whver, it
is not trivial to geometrically align large molecules [11jcathe
Carbo/Hogkin metrics are not invariant under af ne tramsfa-
tions. The alignments of molecules are often done manwathgr-
wise one has to search the six-dimension rotational andlaéonal
space to nd the best alignment. Such search in the six-déioan
space is expensive and usually does not guarantee to alvwelys
the best match.

To avoid the expensive search in the six-dimension spade, it
necessary to have new metrics based on af ne-invarianasiges
of the volumetric functions. One example is the contour spec
trum [4], which is a set of numerical metrics for the levelsset
the function, such as the area of the surfaces, the volumesaut
by the surfaces, and the integral of the gradient on the sesfa



Although it provides some useful information about the 3Dcu
tions, especially for some distinctive level sets, the contspec-
trum alone is not suf cient to match and classify volumefriac-
tions.

Another approach is to use some topological structures ef th
volumetric functions, such as Morse complex [5, 18] and con-
tour tree (CT) [28]. Similar topological structures are ded for
surfaces and are applied to shape matching [23], where Multi

resolution Reeb Graphs (MRG) are computed. Both Morse com- ©

plex and contour tree are related to the critical points efublu-
metric functionf. The critical pointsin the domainM of f are
the positions where the gradient vanishes, Né.= 0. Molecular
structural functions usually have a large number of critizints
because of their complexity.

While the Morse complex is invariant under the rigid bodysa
formations, it is dif cult to construct and has very comglied
structures. Although some recent research attempts to theke
Morse complex more manageable by contracting criticaltg@nd
simplifying the Morse complex [15, 19], it is still not clehow to
directly match two Morse complexes.

Although contour trees are af ne-invariant, they are alsoyv
complicated due to the vast number of critical points in threat-
ular functions, as shown by the example in Figure 1. It is ify
cult to directly de ne a quantitative metric for contourees and
compare them because of the complexity.

In this paper, we construct a simpli ed structure, calledidton-
tour tree (DCT), from the original contour tree; de ne newoge
metrical, topological, and functional attributes for th€Dnodes;
and ef ciently compare 3D molecular shapes by matching mult
resolution hierarchies of DCT's. The major steps of the atgm
are:

1. Construct the nest-level DCT's from contour trees of ol

ular structural functions.
Compute attributes for the nodes in the DCT's.

Build multi-resolution hierarchies of the DCT's to fatalte
matching.

Match pairs of multi-resolution DCT's and compute theisim
larity scores.

Section 2 introduces some relevant background on contees.tr
Section 3 shows how to build a DCT from a contour tree and how
to construct the multi-resolution hierarchy. Next we diéseithe
attributes de ned for DCT nodes and how to calculate them. We
discuss the algorithm of matching the multi-resolution DXCand
computing the similarity scores in section 4. Section 5 tHen
cusses the implementation and results for comparing somplsa
proteins from the Protein Data Bank.

2 BACKGROUND

Consider a continuous scalar elfl de ned on a domainM ,
f:M ! R.Inthe rest of this paper, we assuiMe is decomposed
into a simplicial complex and is approximated by a piece-wise
linear function. The functionf on M is then completely deter-
mined by the values of the vertices of the mesM . For a point
inside a simplex, its function value is approximated as edirin-
terpolation of the values on the vertices. Thactional rangeof
f is the interval between the minimum and maximum values of the
function f: [fmin; fmax-

For a scalar values 2 [ fmin; fmay, the level set of the eldf atw
is the subset of pointis(w) M , f(x)= w8x2 L(w). Alevel set
may have several connected components, catbetiours While w
scans monotonically through the entire rafiigin; fmax of f, the

@
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Figure 1: The contour tree (a) and a segmented level set (b) of the
density map of a hemoglobin molecule.

evolution of the homology classes of the level sets is welligtd in
Morse theory [22,32]. The topology of the level $€tv) changes
only at the critical points irM , whose corresponding functional
values are called critical values.

Without loss of generality, the critical points are assurtete
non-degenerate in Morse theory, i.e. only a single critfuzht
at each critical value. This assumption can be enforced kallsm
perturbations of the function values. If the critical pgimtre non-
degenerate, thidessian Ha) at a critical pointa has non-zero real
eigenvalues. The index of the critical pomnis the number of neg-
ative eigenvalues dfi(a). For a function inR3 there are four types
of critical points: index 0 (minima), 1 and 2(saddle pointahd
index 3 (maxima). A new contour is created when the isovalue
crosses the critical value of a minimum. Whercrosses an index
1 saddle, a new connection is formed between two contourgnwh
w crosses an index 2 critical value, a hole in the sdlf@) w
disappears. Whew crosses a maximum value, a contour vanishes.

A contour tree captures the topological changes of the kisl
for the entire functional rang€min; fmax] Of f. It was introduced
by Kreveld et al. [28] to nd the connected components of neel
sets and seeds cells for contour generation. Each node &The
corresponds to a critical point and each arc correspondsdotaur
class connecting two critical points. A contour class is ximal
set of continuous contours which have the same topology and d
not contain critical points. The CT of the electron densitgmof
the hemoglobin molecule is shown in Figure 1 (a). Each ledkeno
of the CT represents the creation or deletion of a contoul@ta
minimum or maximum and each interior node represents thegi
and/or splitting of two or more components or topology cremnat
the saddle points. A cut on the afe;;v») 2 T by an isovalue
Vi WV, corresponds to a connect component (contour) of the
level setL(w). So the number of connected components for the
level setL(w) is equal to the number of cuts to the CT at the value
w.

The Betti numbery (k= 0;1;:::) of a simplicial complex is
the rank of its k-dimensional homology group and intuitweiea-
sures the number of k-dimensional holes. The Betti numbers p
vide af ne-invariant topological information about thevid sets.
Contours of the same topology have the same Betti numbeishwh
change only at critical points. Only the rst three Betti num
bers(bo; b1; by) of a surface inR3 are non-zero, wherkg corre-
sponds to the number of connected componebiscorresponds
to the number of independent tunnels; represents the number
of voids enclosed by the surface. For example, a sphere kas th
Betti numbers(bg; by; bp) = ( 1;0;1) while a torus has the triple
(bo; b1; b2) = ( 1;2;1). The Betti triplets are related to Euler char-



acteristicc of the surfacec = by by + bo.

Carr et al. [14] present an ef cient two-pass scheme to cdmpu
a CT inO(m+ nlogn) time, wherem is the number of simplices
andn is the number of vertices in the mesh. The CT can be
enhanced by tagging arcs with topological information saslhe
Betti numbers of the corresponding contour classes [34]thik
paper, we use those algorithms to compute enhanced conéesr t
and then construct DCT structures to compare moleculatifums
with properties.

3 DuAL CONTOUR TREES

In this section we introduce dual contour trees as a simglsguc-
ture constructed from contour trees, which can be used tgpaoem
molecular structural functions.
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Figure 2: A simple example of 2D mesh and its contour tree. (a) The
critical points are marked in different colors: minima in red, saddle
points in green and maxima in blue. Two level sets with isovalues of
wi = 2and wp = 5are drawn upon the mesh and the sub-area Vy 5 of
2 w 5are shaded in yellow. (b) the two connected components of
V5, 5 correspond to the arc segments highlighted in the contour tree
respectively.

Figure 2 shows a simple example of 2D functibrand its con-
tour tree. The contour tree in Figure 2 (b) is cut at two isogal
wi = 2 andw, = 5, which correspond to the level sets shown in
Figure 2 (a). In this example, the level ddiw,) atw, = 5 has
three contours (colored magenta) dr{év1) atw; = 2 has a single
contour (colored green). Those contours bound a sulgety,
of the meshM , wherex 2 Vi1 w, iff wi ()  wWa. Vi1 w,
has two connected components and is colored yellow in Figure
(a). Each connected component\f: w, corresponds to a set of
connected arc segment cut Wy andws,, as highlighted in Figure
2 (b). Therefore there exists a one-to-one mapping betwaen e
set of connected arc segments of a contour tree to a conradbed
region (or sub-volume iRR3) in M .

If we cut the functional rang€fimin; fmax Of the eld f into N

is partitioned into sets of connected arc segments, eaclichvis
mapped to a connected sub-volumé/in The distribution of those
connected sub-volumes contains important informatiorugative
original functionf. The distribution of sub-volumes is represented
by a dual contour tree (DCT), in which every connected subie

of connect arc segments in the CT, the DCT can be considered as
the "dual” structure of the CT. In the other sense, a DCT can be
thought as a "discrete contour tree” because it is congtduby a

In order to construct the DCT, we rst cut the functional rang
[fmin; fmax of the eld f into N intervals

, Where fg = fiin and fy = fmax Without loss of generality, we
can assume isovaludg < f; < < fy 1 are not equal to any
critical value. Those isovalues cut the CT ilNantervals as shown
in Figure 3 (a). An are= (v1;Vv2) in CT is cut byf; if f(vq) < fj
andf(vp) > fj forsome G< i < N. The arce may be cut by multiple
isovalues and subdivided into several segments.

@ (b)

Figure 3: (a) An example of contour tree divided into 8 segments. (b)
The dual contour tree constructed from the contour tree in (a).

The DCT also habl intervals and a nodé of the DCT at interval
i corresponds to a disjoint set of connected arc segmentseirvin
i of the CT. For example, the highlighted arc segments in tteg-in
val [f5; 6] of the CT in Figure 3 (a) is mapped to the highlighted
node of the DCT in Figure 3 (b). We call the set of connected arc
segments for the DCT nod# as Arcqd) and use the union- nd
data structure to nd all disjoint setarcqd) in leveli of the CT.
The pseudo-code is shown in Figure 4. Because the funétisn
continuous, a dual nodat intervali can only connect to nodes in
intervalsi 1 andi+ 1. A DCT noded at intervali is connected
to a noded®in intervali+ 1 if and only if there exit arc segment
e2 Arcyd) ande’2 Arcqd9 that are adjacent in the CT. The cor-
responding sub-volume of the DCT nodat leveli is bounded by
contours of lower and upper isovalues of the interval.

The CT and DCT of the example function in Figure 2 are shown
in 3, where the functional range is divided into 8 intervalkhe
DCT has simpler structure than the CT because small undokati
of the function are eliminated in the DCT. On the other hahé, t
structure of the DCT converges to the CT if we increase thelxaum
and decrease the size of cutting intervals.

The DCT structure can be further simpli ed by restrictingat
a smaller functional rangevi;w»]  [fmin; fmax. For example we
can consider only the portion of the DCT in Figure 3 (b) witttie
subrangq fy; fg]. Of course we would cutfs; fg] into more inter-
vals to get more detailed information about the functfom this
range. The rationale of using a subrange is that only cefeaiture
regions of the 3D volume are important for comparing molacul

becomes a node and two nodes are connected by an edge if theshapes, e.g. the regions near the surfaces of hiomoleclitese

corresponding sub-volumes are adjacent (sharing the santeur
at their boundaries). Since a node in the DCT correspondséb a

feature regions often map to a subrange of the structuratifumf .
Examples include the functions for solvent accessibikfgctron



D = new DCT(N) //
SubdivideArcs(  T) //
for n=0to n=N 1f
UF = new UnionFind
for each arc g in interval
UF.newSet( g)
for each arc

N is the number of intervals
T is the contour tree

n f

€2r, ANDe\ 60 ANDj < i f

n = UF.find( )
nj = UF.find( &)
UF.union( n;, n;)
g
g
for each disjoint set Sin UF f
d = newNode(9
D.addNode( d)
foreach  d° in interval n 1 and adjacent to df

D.addEdge( d, d9
9

Figure 4: The pseudo-code of constructing the DCT.

density, and electrostatic potentials. The extreme vabfidsusu-
ally only happen deep inside the molecules and in very snodl v
umes and have little effect on determining the molecularcstires.
We can focus on the important feature regions and avoid sidige
restricting the functional range and using intervals ofdiva sizes.

The code to construct the DCT for a restricted rajmg wo] is
almost identical to that in Figure 4. The portions of the 30uvee
with f(x) 2 [wy;wy] are excluded from the DCT. We divide the
subrangdwsi ;w»] into N intervals, which can be of adaptive sizes,
and simply ignore the parts of CT that are beydhd f5].

3.1 Multi Resolution DCT

The multi-resolution hierarchy of the DCT is constructedhhgrg-
ing its adjacent functional intervals recursively. Witlhdoss of
generality, we assunie is the nest DCT andD hasN = 2X inter-
vals. The overall complexity of the nest DCT and the hietarc
can be controlled by an appropriate number The nest DCT
D is calledDy and the next coarser DCDy ; is constructed by
merging pairs of adjacent intervals and nodes in the internia-
tervals 2 and 2+ 1 of Dy are merged to form intervalof Dy ;.
If nodesd; andd, in intervals 2 and 2+ 1 of Dy are connected,
dy andd, are merged into a single nod&in intervali of Dy ;. d°
is called the parent ad; andd,; d; andd, are called the children
of d The attributes of the merged node is computed from those
of its children, which is discussed in the next section. bthore
than two nodes in the ner DCT may be merged to be a node in the
coarser DCT. More precisely a disjoint set of connected sdde
intervals 2 and 2+ 1 of Dy is merged into a node in intervabf
Dy 1. For example in Figure 5, four nodes in intervgis, f5] and
[fs; fg] of the nest DCT are merged into a single node in interval
[fa; fg] of the next coarser DCT. The union- nd data structure can
again be used to nd disjoint sets of connected nodes in thgede
intervals.

The merging process can be recursively applied to the coarse
DCT's until there is only one big interval. So we get a multi-

Figure 5 shows the hierarchy of the DCT in Figure 3 by merging
the initial 8 intervals into 4, 2, and 1 intervals recursyelThe
complexity of the DCT's at coarser levels is signi cantlydieced
and the hierarchy makes it a lot easier to match nodes inrelifte
DCT's. A match algorithm based on the multi-resolution DE®

discussed in section 4.
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Figure 5: Building the hierarchy of a multi-resolution contour tree.

If a DCT is constructed using a restricted subrafge; w,],
there may be multiple nodes even in the coarsest Dgbecause
the volume satisfying (x) 2 [wy; w»] may have many disconnected
components. Numerous nodes in the coarsest DgTay com-
plicate the matching process. However, most of those nodes a
typically very small in size and can be pruned as noises. \Weegor
the nodes irDg with volume less than a given threshold and their
children in the hierarchy as well. In a test set of more thah [2@-
teins, only several proteins have more than one node in dusest
level DCT after conservative pruning.

3.2 Node Attributes

In order to quantitatively measure the similarities of DETwe
need to de ne numerical attributes for the DCT nodes. We com-
pute for the DCT nodes geometrical, topological, and fuomati
attributes that are af ne invariant. The structural fuoatiis used
to represent molecular shapes and construct the DCT's.tiadel
functions are treated as properties de ned on the shape sed u
for computing functional attributes of the DCT nodes. Foarex
ple, we can use the solvent accessibility as the structuraition
and electrostatic potential as a property to enhance theaodm
son of molecular shapes. Similar biomolecules would hawd ai
attributes for their DCT nodes while unrelated ones havy dér
ferent attributes. This method of combining structural praperty
information of biomolecules produces very good resultsompar-
ing and clustering proteins.

We next describe the attributes for a DCT nedewhich corre-
sponds to a connected sub-voluMg M . We rst look at the
geometrical and topological attributes that are relatettheéostruc-
ture ofVm:

V(m): The normalized volume &fy,, assuming the sum of all
sub-volumes has total volume 1. Matched DCT nodes should
have similar volumes.

I(m)=Ix;ly;lz : The principal values of the moment of in-
ertia for the sub-volum¥y,. The moment of inertia tensor is
de ned as

z z

= 6 X x)dx= y xiXjd3 v (m)xexS;

wherexc = x{;x5;x§ is the center of mass fo/m. The
principal axes ofljj are calculated and the diagonal values
of | along the principal axes are computed as the attribute
I(m) = Ixly;lz , wherelx 1y Iz I(m) provides some
information about the overall shape\4f.

B(m) = f By(m); B2(m)g: The Betti numbers for the lower and
upper boundaries of the sub-volurkig. B1(m) and By(m)
have three non-zero valuébg; by;by). The Betti numbers
can be computed from an augmented CT [34]. If the lower or
upper boundary 0¥y, consists of multiple contours, its Betti
numbers are the sum of those of individual contours.



We then look at functional attributes induced by the propert

p distributed over the molecular shape, e.g. electrostaiterp
tial. Here we calculate the multipole expansion of the tistion

of the property over the sub-volunvg,. The multipole expansion
provides numerical information about the property disttidn that
can enhance the comparison of biomolecules since closebheth
proteins should have similar electrostatic potentialritigtion as
well.

P(m): TRe integral of the propertp over the sub-volumgy,,
P(m) =y, pd3x is the rst term of the multipole expansion.

D(m): The dipole moment o&the propery over the sub-
volumeVn is a vectorD(m) = ', p (% *C)dx. We use the

magnitude oD(m) and its angle relative to the principle axis
of iy for computing similarity scores.

Q(mM) = ( Q1;Q2;Q3): The quadrupole moment gf over the
sub-voluméVy, is a tensor de ned as

Z

LP o6 ) x X dx
Zm
= Poxxdx xDj(m) XDi(m);

Qij(m =

whereD;(m) is theith component of the dipole moment. We
again use the principal values @j(m), Q1 Q2 Q3, as
attributes of a DCT node.

The attributes of the DCT noda can be summarized into a vec-
tor mas following:

m= fV(m);1(m); B(m); P(m); D(m); Q(m)g:

We only need to compute the attributes for the nodes in thet ne
DCT because the attributes of a naden the coarser level of the
hierarchy can be easily calculated from those of its childtéthe

is the sum of volumes of its children:

|
V(m= & v(m):
i=1

If the nodem is in intervalr; that is merged from intervals
andryj+ 1 of the ner DCT, the lower (upper) boundary af is the
union of the lower (upper) boundaries of its children in g ry;
(r2i+ 1). ThereforeB;(m) andB,(m) can be computed as

Bum = & Bum)
m2ry

Bom = & B(m);
M2r+1

where the sum oB; andB; is applied to each of the Betti number
independently.

As for the functional attributes due to the property funatithe
values for the noden can be calculated from those of its children
as well. For exampleP(m) = é!zlP(m). Similar but more in-
volved equations exist fdd(m) andQ(m). Next we describe how
to compute the attributes for the nodes in the nest DCT.

While Betti number$(m) can be computed from the augmented
CT, other attributes like/(m) and P(m) require actually deter-
mining the connected sub-volurvy, M corresponding to the
nodem. Since the domaiM is assumed to be a simpicial com-
plex, we need to nd the set of simplices M that interesim:

U(m)= fs2 M js\ V(m) 6 0g, and accumulate the contributions
of each simplexs2 U (m) to the attributes ofn. The setJ(m) can
be obtained by a propagation scheme that starts from aaligiitn-
plexsp 2 U(m) because of the connectivity ¥f,. The propagation
algorithm is as follows:

1. InitializeU(m) = 0 and addy into a queue.
2. Remove the rst elemergtfrom Q and addsto U (m).

3. For each neighboring simplaRof s, addsto Q if 2 U (m),
L2 Q, andsA\ Vi, 6 0.

4. Repeat step 2 and 3 un@ilis empty.

Then the volume&/(m) of Vi, is the sum of contributions from
the simplicess2 U(m):
vim= & V(s\ Vm);
s2U(m)

where the volume 0§\ V(m) can be evaluated ef ciently as a B-
spline function [4]. The center of mass 1@, is

1 g ¢

K= —— xd3x;

V(M) oS 9V
where the integral of the linear functisrovers\ V(m) is evaluated
in a similar way to the volume. Similar expressions can bévddr
and evaluated for the other attributém); P(m); D(m), andQ(m).

The remaining question is how to nd the starting simpig»x
U(m). Itis the same problem of nding the seed to propagate a con-
tour corresponding to a cut on an ar®f the CT [13]. This can be
further reduced to nd a edge2 M that intersect¥, because any
simplex containing the edgecan be chosen as the staring simplex
. Ifthe arca has at least one end pointvith degree 1 (minimum
or maximum) or 2 (regular point) in the CT, we can always dearc
fromvand nd anedge2 M intersecting/(m).

The problem becomes a little more complicated if both end
points of the cut ar@ are saddle points of degree?2 in the CT.
The arca can be tagged with a poit2 M adjacent to one end
pointv of the arca in the CT [13]. Then the corresponding edge
(v; p) gives the right direction itM to search the starting simplex.
Please refer to [13] for more detail.

4 MATCHING ALGORITHM

4.1 Similarity Metrics

Next we de ne a similarity metric between two DCT nodes. The
similarity between two nodes and n is de ned based on their
attribute vectorsnandri‘as the weighted average of the similarities
of individual components:

hmni = wiV(m);V(n)i + wo hB(m); B(n)i
+  wzh(m);1(n)i + wa hP(m); P(n)i (1)
+  wshD(m); D(n)i + we hQ(m); Q(n)i ;

where the weights satisfying Ow; 1 andd w; = 1 control the
relative importance of different attributes for companis@he in-
dividual terms in the equation above are computed as fatigwi

1 VM VI e similarity score of the

W (m); V(n)i max(V(m)V(n)) *

volumes.

HB(m);B(n)i = 342, %: the similarity of the

Betti numbers of lower and upper boundaries.



max;=1,23(j1;(m) 1i(n)j) .

h(m);1(n)i = 1 mah - the similarity of the

moment of inertia.

] . iP(m) P(n)j .
FP(m);P()i = 1 e rmnron -

tegrals of properties.

the similarity of the in-

D] DL he similarity of the

D(m): D) = 1 e gompom -

dipole moments.

: i = max;=1,23jQj (M) Qj(n)j. PRTR
hQM):;Q(N)i = 1 S oy - the similarity of

the quadruple moments.

The maximum similarity score between two nodes is clearly 1,
which is achieved when they have exactly the same attributes

hmni h mmi=mni=1

The similarity score may be negative becabBém); P(n)i can
be negative ifP(m) and P(n) have opposite signs as well as
hQ(m); Q(n)i .

We match two DCT'sD andD°%by nding and matching node
pairsm; 2 D andn; 2 DO The detail of matching algorithm is dis-
cussed in the next section. The similarity score betweeD@E's
D andDPis computed from the scores of matched node pairs:

o 1 .
;D% = 3 SV(M)+ V() i @)

|
where the similarityhm;; nji of a node pair is weighted by the av-
erage of their normalized volume. So bigger weights arengtee

larger nodes and the similarity score betwdzmnd DO satis es
;DY 1.

levels, its DCTD; at leveli is matched to the DCDiOat the same
level of another hierarchid® The similarity betweerH and H°®
is evaluated as the average of the similarity scores of D&dm
level 1 tok:
14
hH:HY = X tD;; DY ;
=1

®)

where we did not consider the level 0 becalyeand D often
have only one node and has a similarity score close to 1. The si
ilarity scorehH;HY is used to measure the similarity between the
mole(aular shape functions with properties, which cleadtisses
hH;H 1.

4.2 Matching Algorithm

The molecular shape functions are compared by matching thei
multi-resolution hierarchies of DCT's. The matching presds
performed from the coarsest to the nest level of the hieghnaas,
and we assume that the multi-resolution hierarchiemndH%have

the same number of levels. A DCT node2 H andn 2 HOmust
satisfy following restrictions if they form a matched péin; n):

The nodesn andn don't belong to any other pairs.

m and n must belong to the DCT's at the same level of the
hierarchies, i.em2 Di Handn2 D? HC

moandn must belong to the same functional intervaDyfand
Di-
The parentp(m) of m andg(n) of n are also a matched pair
(p(m); p(n)) in Dj 1 andD; ;. The only exception is level O,
at which nodes have no parents.

We use a greedy algorithm to nd the pairs of matched nodes,
starting from level O of the hierarchies. The steps to mdietXCT
Di HandD? HOatleveli (i = 0;:::;k) are as follows,

1. Add all nodes of the DCD; into a priority queud, in which
the nodes are ranked by their volumes.

2. Remove the nodm with the highest priority fromQ. Search
for the best matching node from possible candidates in
the other DCTDY, constrained by the restrictions mentioned
above. The best match should have the highest dzonei
weighted by their average volumes.

3. If a noden is found, the paifm;n) is added to the set of
matched pairs at levelandn is also removed from future
consideration.

4. Repeat step 2 and 3 until the queQds empty or no more
candidates iD?.

5. Calculate the similarity scorkDiDiq by using the pairs of
matched nodes in levél

6. Repeat the steps 1 to 5 from levet 0 to k. Calculate the
nal similarity scorerH;H% as in equation 3.

4.3 Complexity Analysis

The time complexity of matching and comparing two molecular
functionsf; and f, based on multi-resolution DCT's can be divided
into three parts.

Time for constructing the enhanced GJ{m+ nlogn) based
on the CT algorithms in [14, 34], wheneis number simplices
andn is the number of vertices il .

Time for constructing the DCT and its hierarchy:
O((logn+ m) D) in the worst case, wherd is the
number of nodes in the nest DCD is much smaller than

n andm and can be controlled by the humber of subdivided
intervals. Most time of DCT construction is spent on
computing node attributes.

Time for matching the multi-resolution DCT'©(D; D») in
the worst case, wheifi@; andD, are the number of nodes in
the DCT's for f; and f, respectively. This step can be very
fast becaus®, and D, are much smaller than the original
data size.

The rsttwo steps only need to be done once off-line and thdBC
can be stored with molecular functions for future matchingis
comparison, the standard inner-product method req@i¢e3) time

for each matching in a naive implementation@(n?logn) time if
FFT method is used. The DCT method is clearly a lot fasterumza
the number of nodeB is much smaller than the number of vertices
n. Our implementation of the DCT matching algorithm on a PC
takes only seconds to match two molecular structural fonetivith
millions of data points.

5 |IMPLEMENTATION AND RESULTS

The effectiveness of the DCT matching algorithm is basedhen t
assumption that closely related biomolecules have sirféliures
in their structures and properties. The DCT algorithm segme
the 3D structural function of biomolecules into smallertiea el-
ements, i.e. the nodes in the DCT's. Those feature elements,
hanced by properties such as electrostatic potentialgcanpared



to offers insights about relations among proteins. The hiagcal-
gorithm using multi-resolution DCT is implemented in C++ an

PC based on our earlier implementations of the enhanced got al

rithms.

We rst conduct some experiments to test the effectivenesk a

correctness of the DCT matching algorithm. The DCT matching
gorithm has several good features: it is invariant undenafrans-
formations; it does not require same sampling rate for nuésc
functions; it is resistant to small noises in input data. eehpro-
teins are randomly selected to demonstrate those features.
different molecular functions are used for each protein. e
electron density as the structural function for those mdeand
electrostatic potential as the property. Some visuabnstiof the
molecular functions and properties are shown in Figure gurei 6
(a) and (b) show the level sets of electron density coloredtbyns
for Mouse Acetylcholinesterase Comp{®0B ID: 1MAH), where
(b) is generated from (a) by a rotation. Figure 6 (c) and (@wsh
the level sets of electron density sampled at different farte2-
Phospho-D-Glycerate HydrolaséPDB ID: 1EBG). The sampling
rate of (c) is 96 96 96 and (d) is 64 64 64. Figure 6 (e)
and (f) are volume rendering for the electrostatic potésiid c-
AMP-Dependent Protein Kinag®DB ID: 2CPK), where positive
values are colored in blue, negative values in red, and saiear

0 in white. The data in Figure 6 (f) is generated by adding some

small random noise to the original data in Figure 6 (e). Adsh
functions are initially sampled on regular grids, and eaghisthen
broken into six simplices for CT construction.

@ (b)

© (d)

(€) ®

Figure 6: Visualizations of molecular functions of three proteins and
their variants.

The results of the DCT analysis are summaried in Table 1.

Clearly the results of the DCT matching algorithm is invatian-
der rotational transformations. Due to the added noisemthlecu-

@ () ( @ (¢ 0
@@ [ 1.00 1.00 073 0.72 045 045
() [ .00 1.00 0.73 0.72 045 0.45
(© [ 073 073 1.00 095 033 038
@ [ 072 0.72 095 1.00 044 0.44
(e) | 045 045 033 044 1.00 1.0p
() 045 045 033 044 1.00 1.0p

Table 1: Matching results of the example volumes shown in gure 6.
See text for descriptions of the various datasets.

lar function in (f) has 72255 critical points, approximateD times
more than the number of critical points in the original vokige)
3597. However (e) and (f) have near perfect matching beaaose
critical points induced by noise are suppressed in the DGIes0
which illustrates the robustness of the DCT method to sneatiip-
bations in the functions. The functions in (c) and (d) havy g®od
though not perfect similarity score, which shows the faat gam-
pling a molecular function at different rates can changesthec-
tures and topologies of its level sets.

(@ (b)

Figure 7: (a) Clustering result of 242 protein chains by (a) the DCT
matching algorithm and (b) the Carbo index method. Axes labeled by
chain ID and colored as cholinesterase-like proteins (red), enolase-
like proteins (green), ferritin-like proteins (gold), kinases (blue), su-
peroxide dismutases (magenta). Matrix colors range from purple
(similarity index 0) to red (similarity index 1).

We also tested our protein matching algorithm on a set of

242 protein chains assembled from several different prdiain-
ilies where extensive, non-redundant structural data wasd-a
able. The purpose of this analysis was to assess the alfiliheo
DCT method to discriminate between protein families. Fissts
of cholinesterase-like proteins and kinases were takem foce-
assembled families in the CE database [36]. Additionadys ®f
structures were assembled corresponding to the enolasiinfe
and superoxide dismutase families studied by Livesay et tiair
electrostatic conservation analyses [29]. We use sohaagssibil-
ity as the structural function and electrostatic poteraiproperty
for each protein in the test set. Multi-resolution DCT's amn-
structed for each sample and the pair-wise similarity scofehe
sample proteins are calculated as described in the progesdi-
tions. Here we use a restricted functional raf@8; 0:7] to select
sub-volumes near the molecular surfaces. The weights iraEqu
tion (1) are estimated using a small set of known proteinses&h
pairwise scores are then sent to the simple UPGMA clusteiingr
rithm [17] to cluster the protein into similar families. Thlistering
result is shown in Figure 5 (a) with the protein chains labiele the
axes and color-coded by family. The clustering result iy wtose



to the ones generated by the standard inner-product meging u
Carbo index, while the actual similarity scores may varyegéini-
tial results are very encouraging as they indicate the idagiof
molecular comparison without structural alignment andehg en-
able a new class of comparisons of electrostatic propdyéaseen
proteins with little sequence similarity. Such comparisaiill pro-
vide useful information about protein-ligand and protpiotein
interactions through the characterization of electrastanotifs”.
Electrostatic motifs have already been shown to be usedls for
detecting function, particularly in the identi cation ofNDA binding
proteins [25, 30].

6 CONCLUSIONS

In this paper we presented an algorithm of matching molecula
structures using af ne-invariant multi-resolution DCTer fvolu-
metric structural functions with properties. The DCT matghal-
gorithm has the good properties of being af ne-invariant arot
sensitive to small noises in the functions. Applied to corend
classify a set of protein structures, it demonstrates garfop
mance comparable to the standard inner-product methodsit Bu
is much more ef cient because no pair-wise structural atignt is
required.

The future directions include using better tree matchirgp-al
rithms and attributes for the DCT's. We are looking at more so
phisticated geometrical attributes and investigatingpbssibility
of using the DCT's to align molecular structures.
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